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Resumo 
Recentemente, o uso de turbocompressores em motores downsized se tornou o novo 
padrão em aplicações automotivas, a fim de aumentar a economia de combustível, melhorar a 
eficiência do motor e reduzir emissões, sendo adotados em todas as categorias de veículos. 
Turbocompressores automotivos podem atingir velocidades de rotação extremamente elevadas 
e, tipicamente, quanto mais leve o rotor, maior a velocidade que pode atingir. Essa característica 
particular de um típico turbocompressor – peso baixo e alta velocidade de rotação – induz 
complexos fenômenos na dinâmica do rotor, principalmente devido à característica altamente 
não linear dos mancais de anel flutuante sustentando o eixo girante. Além disso, num 
turbocompressor, o uso de mancais axiais de dupla ação é imperativo, para sustentar a força 
axial desigual proveniente do fluxo de gás na turbina e do fluxo de ar no compressor. Nesse 
trabalho, desenvolveu-se um modelo rotordinâmico confiável de um turbocompressor, cujo 
eixo girante é suportado por mancais de anel flutuante e mancais axiais, incluindo variações de 
temperatura nos filmes de óleo. O modelo do mancal axial é composto por uma análise completa 
termo-hidrodinâmica, considerando efeitos de desalinhamento angular. Ambos os campos de 
pressão e temperatura são examinados e a capacidade de carga do mancal axial é avaliada. O 
modelo do mancal de anel flutuante é ligeiramente simplificado, a fim de reduzir os custos 
computacionais, mas inclui todo comportamento não linear e efeitos térmicos. As principais 
contribuições do trabalho são: a necessidade de incluir efeitos térmicos num modelo confiável 
dos mancais a fim de melhor estimar a carga suportada pelos mesmos; a inadequada 
aproximação do comportamento dinâmico dos mancais por coeficientes lineares equivalentes, 
devido ao comportamento altamente não linear dos mancais; e a inclusão obrigatória do mancal 
axial num modelo robusto e confiável do turbocompressor, devido à efeitos de acoplamento 
axial-radial que podem afetar as vibrações laterais típicas de um turbocompressor. 
Palavras-chave: turbocompressor automotivo, mancal axial, modelo termo-




In recent years, the use of turbochargers in downsized engines has become a new 
standard in automotive applications, in order to increase fuel economy, improve the engine 
efficiency and reduce emissions, being adopted in all vehicle categories. Automotive 
turbochargers can achieve extremely high rotational speeds and, typically, the lighter the rotor, 
the higher the rotational speed it can achieve. This particular characteristic of a typical 
turbocharger – light weight and high rotational speed – lead to complex rotordynamic 
phenomena, mainly due to the highly nonlinear characteristics of the floating ring bearings 
sustaining the rotating shaft. In addition, in a turbocharger, the use of a double-acting thrust 
bearing is imperative, to sustain the axial force imbalance of the gas flow in the turbine and the 
airflow in the compressor. In this work, we develop a reliable turbocharger rotordynamic model, 
whose rotating shaft is supported by both floating ring and thrust bearings, including 
temperature variations in the oil films. The thrust bearing model is composed of a full thermo-
hydrodynamic analysis, considering angular misalignment effects. Both pressure and 
temperature fields are evaluated and the thrust bearing load-carrying capacity is examined. The 
floating ring bearing model is somewhat simplified, in order to ease computations, but it 
includes its full nonlinear behaviour and thermal effects. The main findings of the work are the 
necessity to include thermal effects in a reliable bearing model to better estimate the bearings 
supported load, the unsuitability of approximating the bearings dynamic behaviour by its 
equivalent linear coefficients, due to its high nonlinear characteristics, and the mandatory 
inclusion of the thrust bearing in a reliable and robust rotordynamic turbocharger model, due to 
axial-radial coupling effects that may affect lateral vibrations of a typical turbochager. 
Kewords: automotive turbocharger, thrust bearing, thermo-hydrodynamic model, 
floating ring bearing. 
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𝜈 Poisson’s ratio 
𝜌 Frame/disc density 
Φ Shear factor 
Abbreviations and Acronyms 
C Compressor / relative to the compressor 
CS (relative to, at) Compressor Side 
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T Turbine / relative to the turbine 
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TC Turbocharger 
TS (relative to, at) Turbine Side 
TW Turbine Wheel 
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The transition to new manufacturing processes in Europe and United States in the 
period between 1760-1820 is known as the First Industrial Revolution. This period completely 
changed human life and was characterized by transition of hand production to manufacturing 
methods and the use of steam and water to power machines. The immense growth in coal 
consumption gave rise to an unprecedented level of air pollution. These increasing levels of 
smoke pollution and environmental degradation stimulated people to demand regulations, 
imposing the first legislations regarding emissions. 
Since the Industrial Revolution, 2040 GtCO2 (Gigatonne of carbon dioxide, 10
15 grams 
of CO2) were added to the atmosphere and about half of these emissions occurred between 1970 
and 2010. The Intergovernmental Panel on Climate Change (IPCC) study from 2014 observed 
“anthropogenic emissions of greenhouse gases are the highest in history” and “Warming of the 
climate system is unequivocal […]. The atmosphere and ocean have warmed, the amounts of 
snow and ice have diminished, and sea level has risen”. The period from 1983 to 2012 was very 
likely the warmest 30-year period of the last 800 years and likely the warmest 30-year period of 
the last 1400 years. Worldwide, greenhouse gas emissions have increased over 1970 to 2010, 
with larger absolute increases between 2000 and 2010 and 14% of this total were released due 
to transportation (IPCC, 2014). The IPCC is currently preparing its Sixth Assessment Report 
(AR6), expected to be released in 2022, assessing trends of the climate system, observed 
impacts and human fingerprint (IPCC, 2019).  
About 65% of greenhouse gas emissions are related to CO2 (Kerviel et al., 2018). In 
order to mitigate its effect on global warming, this growing concern about CO2 emissions have 
imposed stricter legislations, lowering CO2 emission limits for automotive vehicles. The 
European Union has established from 2021 onwards the emission limit for new passenger cars 
of 95 g of CO2 per kilometre (European Comission, 2016a), while for vans this limit is set to 
147 g/km (European Comission, 2016b). In the following years, these limits will be even lower. 
By 2025, they should be reduced by 15% from the 2021 limits and, by 2030, it should be 
reduced to 37.5% for cars and 31% for vans (European Comission, 2017). 
Particularly to the national scenario, in the 2015 United Nations Climate Change 
Conference (COP21), held in Paris, by the United Nations Framework Convention on Climate 
Change (UNFCCC), the Paris Agreement was negotiated and approved by 196 attending 
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parties, establishing a global agreement on the reduction of climate change. The Paris 
Agreement aims to reduce greenhouse gas emissions, in order to keep the increase of global 
average temperature well below 2 °C and to pursue efforts to limit this increase to 1.5 °C. In 
order to meet these requirements, governments established their own compromises, by first 
publishing their Intended Nationally Determined Contributions (INDC) and ratifying it under 
the Paris Agreement. By doing so, the intended reduction goals become official commitments, 
becoming the country Nationally Determined Contribution (NDC), the greenhouse gas target. 
In this context, Brazil’s NDC has pledged to reduce greenhouse gas emissions in 2025 by 37% 
below the 2005 levels and later by 43% of the 2005 levels, by 2030 (Silva, n.d.). 
In order to achieve these ever-lowering limits and reduce vehicle emissions, the 
automotive industry has developed and successfully implemented newer technologies (Nguyen-
Schäfer, 2015), adopting the concept of engine downsizing with the use of a turbocharger, 
increasing the engine-specific power and torque, reducing the engine displacement and 
decreasing  fuel consumption and, consequently, emissions (Deligant et al., 2011). 
The main characteristics of a turbocharger are its low weight and high rotational speeds 
it can achieve. Some authors mention velocities as high as 200 krpm (Li et al., 2017), 240 krpm 
(Deligant et al., 2011) and 300 krpm (Nguyen-Schäfer, 2015). The total weight of a typical 
automotive turbocharger is about 1 kg (Bin et al., 2018), so the turbocharger is characterized as 
high-speed and light-weight rotor. In order to withstand these high rotational speeds the light 
rotating shaft can achieve, the use of floating ring bearings is the preferred choice for most 
applications, due to favourable cost and practically unlimited lifetime (Dyk et al., 2020). The 
rotating shaft is also supported by a double-acting thrust bearing to sustain an external axial net 
thrust from aerodynamic forces, due to the air flow in the compressor wheel and gas flow in the 
turbine wheel (Hoepke et al., 2015). 
1.1. Thesis objectives 
The current work aims to develop a reliable model of the entire turbocharger system, 
supported by both floating ring and thrust bearings. The multiphysics problem address the 
vibrations of the rotating system, the fluid-structure interaction through the bearings supporting 
the rotating shaft and the aerodynamic forces on the compressor and turbine wheels axially 
exciting the system. The novelty of the work is the full thermo-hydrodynamic model developed 
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for the thrust bearing load-carrying capacity estimates, including the effect of thrust collar 
rotations, and the inclusion of this model in a complete turbocharger rotor dynamic model, 
supported by floating ring bearings, modelled using short bearing theory, but accounting for 
thermal effects in a simplified manner. 
The turbocharger rotor dynamic analysis consists in the lateral and axial nonlinear 
oscillations of the rotating shaft. The lateral oscillations contain both self-excited sub-
synchronous oscillations, due to the phenomenon of fluid induced instability usually present in 
floating ring bearings. The axial oscillations are governed by the net axial thrust, from the 
aerodynamic flows on the compressor and turbine wheels, and supported by the double-acting 
thrust bearing. The equations of motion of the rotating shaft do not predict axial-lateral 
coupling, so any observed coupling is due to the hydrodynamic bearings supporting the shaft. 
The work details the modelling of both hydrodynamic bearings, focusing especially in 
the double-acting thrust bearing model, as several works have developed models for the floating 
ring bearing. The thrust bearing model includes both effects of tempereature variations across 
the film and changes on the load-carrying capacity as a result of thrust collar tilting. Previous 
works have not investigated both effects concomitantly on the thrust bearing load-carrying 
capacity. The inclusion of  thrust collar angular tilting in the modelling also predicts axial-
lateral coupling effects on the turbocharger shaft, indicating the thrust bearing may influence 
the shaft radial vibrations. The floating ring bearing supports these vibrations and is modelled 
using short bearing theory, accounting for thermal effects by means of a lumped parameter 
thermal model. 
The current study investigates the turbocharger behaviour both theoretically and 
experimentally. Experimental results require an estimate of the system parameters and predict 
an axial-lateral coupling, indicating the necessity to include in the turbocharger model both 
axial and radial bearings, as a typical turbocharger analysis usually neglects the thrust bearing. 
We show that inclusion of the thrust bearing in the turbocharger model is mandatory. Thermal 
effects are also important to consider, to better predict the bearings load-carrying capacity. 
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1.2. Thesis outline 
Turbocharger phenomena are multidisciplinary by its nature. The air and gas flows at 
the compressor and turbine wheels are typically aerodynamic flows, the oil flow in the bearings 
operate in lubrication regimes and the shaft axial and lateral oscillations are typically within 
nonlinear vibrations of rotordynamics, a specific branch of applied mechanics. Figure 1.1 




Figure 1.1 – Turbocharger system and rotor dynamic computational model 
The work is divided as follows: in Chapter 2, a thorough literature review is presented. 
The literature review focuses on the evolution of thermal modelling of bearings and its inclusion 
on rotating machinery, also presenting relevant studies on rotor dynamics of turbochargers. In 
Chapter 3, general concepts of turbocharger are presented, to familiarize the reader to some 















































shaft model and the resulting equations of motion of the turbocharger setup, with the developed 
numerical integration technique employed to analyse the highly nonlinear system. Chapter 5 
presents the bearing modelling, divided in both the floating ring bearing model and the full 
thermal model of the thrust bearing. Chapter 6 describes the test rig utilized to numerically 
validate the computational model. Chapter 7 presents the theoretical and experimental results 




2. Literature Review 
Turbocharger dynamics is a very specific field within the field of rotor dynamics. 
Rotor dynamics is the branch of system dynamics studying a mechanical device in which at 
least one part, called the rotor, rotates with significant angular momentum (Genta, 2005). Its 
history is almost as old as the history of Tribology, the study of lubrication, friction and wear 
of machine elements (Frêne et al., 1997). Even though both fields have their own particularities 
and emerged to treat and explain different observed phenomena, they share some common 
interconnection and advances in one area were only possible due to advances in the other. The 
concomitant development of both fields allowed advances in each one of them. 
The literature review presents in the first section a brief history of tribology and 
lubrication. With the development of the vibration theory, a specific branch arose, dealing with 
rotating systems. The history of both fields (tribology and rotor dynamics) is presented in the 
first section, altogether with a few historical notes about the development of the first internal 
combustion engines and the concept of supercharging, up until the 20th century. 
Beginning on the 20th century, developments on each area and publication of several 
papers dealing with different phenomena let us better describe these developments in each field 
separately. Advances in the branch of rotor dynamics is described in the next session, followed 
by the progress in lubrication theory, separated in journal, floating ring and thrust bearings. The 
subsequent section presents the integration of hydrodynamic bearings in rotary systems and the 
last section describes the developments in the specific field of turbocharger rotor dynamics. 
2.1. Historical aspects 
The search to suppress wear and diminish friction has been a constant pursuit, since 
man produced the first ever mechanism (Frêne et al., 1997). Nowadays, given the development 
on rotary machines and the use of rotary motion to produce work and use it efficiently, friction 
is identified as one of the biggest problems affecting machine performances and, consequently, 
the whole production process, provoking energy losses and high operating temperature levels. 
Hence, to allow for relative movement between parts of the system, bearings operating in high 
rotational speeds, under high loading capacities and temperatures and without energy losses, 
become extremely necessary (Bizarre, 2019). 
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Particularly in the field of Tribology, during the first half of Industrial Revolution, 
machinery development required the use of better lubricants and development of mineral oils 
began. Coulomb, in 1780, confirmed the two Amontons laws of friction (friction force is 
proportional to applied load and friction force independs on the apparent contact area) and 
postulated the third law of friction (independence of friction coefficient with sliding speed), 
wrongly applied to lubrication friction. Poiseuille published in 1846 the equations governing 
fluid flows in small diameter tubes, indepently verified by Hagen in 1839. In 1847, Hirn verified 
the three laws of friction in tests done without lubricants and performed the first experiments 
on hydrodynamic lubrication, noticing the fluid film capacity to separate two surfaces in tests 
done in the presence of a lubricant fluid (Frêne et al., 1997). 
These first works were responsible to discover and develop lubrication theory (Alves, 
2018). The russian Petrov, looking through Hirn’s work, studied friction on lubricated bearings. 
In 1883, his investigation revealed the shaft and bush surfaces are completely separated by the 
liquid film within the bearing and that viscosity is the most important oil physical characteristic 
related to friction in bearings (Petrov, 1883a, 1883b, 1883c, 1883d). The bearing capacity to 
sustain loads was discovered by the independent work of Tower in England, presenting two 
reports with his findings on the hydrodynamic pressure in the oil film. The first report concluded 
that the laws of liquid friction are more adequate than those of solid friction and the second 
report presented measured pressure distributions on the bearing surface and, upon integration 
of the pressure over the bearing area, the applied load was again found (Tower, 1883, 1885). 
Both conclusions drawn by Petrov and Tower were based on empirical evidence. The 
theoretical explanation for such phenomena was published in 1886 by Osborne Reynolds, 
establishing the grounds of modern lubrication theory. Reynolds provided a physical 
explanation for the bearing load-carrying capacity, as a result of flow conservation in the oil 
wedge, altogether with the basic assumptions of hydrodynamic lubrication and the derivation 
of the equation governing pressure distribution in thin viscous fluid films. Reynolds reduced 
the Navier-Stokes equations to a simpler form, obtaining the fundamental equation on classical 
lubrication theory, which forms the basis of hydrodynamic theory (Reynolds, 1886). 
The development on the field of rotordynamics began in the second half of the 19th 
century. In 1869, Rankine published the first paper fully devoted to rotordynamics, identifying 
a rotational speed wherein vibration amplitudes are excessively large (the shaft critical speed). 
Rankine incorrectly predicted that stable operation above the critical speed was impossible 
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(Rankine, 1869). The swedish engineer de Laval introduced the concept of an impulse steam 
turbine in 1882 and in 1887 built a small steam turbine, demonstrating such devices could be 
constructed on that scale (Korpela, 2011). De Laval’s turbine could rotate at 26 krpm and, at 
such high speeds, to alleviate the vibration problem in the machinery, the turbine wheel was 
mounted on a long and flexible shaft, supported by two bearings spaced far apart on either side 
(Smil, 2005). His model of a disc attached to a flexible shaft achieved rotational speeds higher 
than its critical speed (Alves, 2018), solving the problem of rotors running smoothly at 
supercritical conditions (Rao, 2011). From the beginning, the successful design of turbine 
engines depended on a thorough understading of rotordynamics (Genta, 2005). Theoretical 
results on the field of rotordynamics firstly appeared at the end of the 19th century. Rayleigh 
(1877) provided an upper bound to the first rotor critical speed. Dunkerley (1894) provided 
relations for estimating lower bounds of critical speeds. Föppl (1895) discussed the de Laval 
rotor, providing a theoretical explanation for the supercritical running, developing the first 
analytical solution for the de Laval rotor. 
The internal combustion engine (ICE) began its development in the second half of the 
19th century. Instead of heating the working fluid by combustion in an external source (as in an 
external combustion engine), the ICE releases energy burning fuel inside the engine. The power 
output provided by the working fluids (the air-fuel mixture before combustion and the burned 
products after combustion) arise directly from energy exchange between these working fluids 
and the engine mechanical parts. Early engines ignited a mixture of burned coal gas and air at 
atmospheric pressure, meaning no compression before combustion. In 1876, Otto proposed an 
engine cycle with four piston strokes (intake, compression, expansion and exhaust), improving 
the thermal efficiency. In 1892, Diesel developed the first compression charge, compression 
ignition engine. His conception of injecting a liquid fuel and igniting it due to mechanical 
compression, as it elevates the air temperature, contrasts with spark-ignition engines. At the 
time, Diesel’s engine permitted greater compression and expansion ratios, doubling its 
efficiency over other available internal combustion engines (Heywood, 2018). 
Almost as old as the history of the internal combustion engine is the history of 
supercharging it. Back in 1878, Clerk used the world’s first functional, actually tested engine 
supercharger, in his two-stroke engine (McNeil, 1996). As the first internal combustion engines 
appeared, so appeared the concept of supercharging. Supercharging aims to artificially increase 
the pressure of the air supplied to an ICE, increasing the amount of air/fuel mixture that 
otherwise would be supplied under normal atmospheric conditions. When the compressor is 
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driven by means of a belt, gear, shaft or chain, connected to the engine crankshaft, the term 
supercharger is utilized. Otherwise, when it is driven by a turbine, powered by the exhaust 
engine gases, the supercharger is known as a turbo supercharger or, simply, as a turbocharger. 
The supercharger was already in use almost concomitantly with the first internal combustion 
engines, primarily because the materials needed for the turbocharger, operating at high speeds 
and temperatures, took longer to develop (Siuru, 2003). Further developments both in 
superchargers and in the first turbochargers continued in the beginning of the 20th century. 
2.2. Dynamics of rotary machines 
Several methods have been developed in the past decades to study the dynamic 
behaviour of rotor-bearing systems. Since the de Laval rotor, the turbomachines begin to 
operate in rotating speeds above the critical speed. Catastrophic failures due to excessive 
vibrations, however, still occurred often, motivating the research on the dynamics of rotating 
machines (Alves, 2018). After Föppl developed the analytical solution for the de Laval rotor, 
different authors have presented different approaches to model the complex phenomena in 
rotating system, such as influence coefficient, transfer matrix, dynamic stiffness, mechanical 
impedance and finite element methods. Among all these methods, the finite element is notably 
convenient for modelling complex rotor-bearing-foundation systems (Tiwari, 2018).  
Earlier studies on rotating machinery comprehend the Jeffcot analysis (1919), who 
included a damping force in the de Laval rotor to show vibrations of the rotating system have a 
finite amplitude at the critical speed; Stodola (1927), who summarized his knowledge on 
dynamics of flexible rotors; and the effect of shaft whipping first observed in a General Electric 
compressor (Alves, 2018), investigated by Newkirk (1924) and Newkirk and Taylor (1925). 
Newkirk concluded that this high-amplitude movement is self-excited, caused by forces from 
the flexible bearings, with a constant excitation frequency, close to the first critical speed. 
Flexible bearings were constantly inserted in rotor-bearing systems (Smith, 1933). The 
development of rotary machines and inclusion of more effects required an accurate estimate of 
the critical speeds and the unbalance response of a complex rotor, badly represented by the de 
Laval rotor. Prohl (1945) solved this problem, introducing the transfer matrix method to rotors, 
including in the method the rotary inertia influence. The transfer matrix method was widely 
used before the advent of the digital computer, when the finite element method began to 
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dominate vibrational studies on both structural and rotor dynamic analyses. The first researches 
utilizing finite elements to study stability and unbalance response of rotor systems are the works 
of Dimentberg (1961), Tondl (1965), Ruhl (1970) and Ruhl and Booker (1972). Nelson and 
McVaugh (1976) generalized Ruhl’s work, introducing the finite element model of a rotating 
shaft. The work was expanded by Zorzi and Nelson (1977), including the effect of internal 
viscous and hysteretic damping, and by Zorzi and Nelson (1980), including the effect of axial 
torque. Rouch and Kao (1979) and Nelson (1980) utilized the Timoshenko beam theory to 
establish the shape functions and obtain the finite element matrices for the equations of motion 
of Timoshenko rotating beams. These works consolidate the use of finite elements to analyse 
the commonly encountered phenomena in rotor dynamics. 
2.3. Lubrication in journal (radial) bearings 
Reynolds' inaugural paper formulating the flow equations for thin viscous fluid films 
set the philosophical background on lubrication theory. Michell (1905) presented a solution to 
the Reynolds equation in terms of infinite series. Sommerfeld (1904) presented the first 
analytical solution for the Reynolds equation, considering infinitely long bearings and 
neglecting lateral leakage. His solution did not considered film rupture in the bearing. The 
pressure distribution, in the film divergent zone, was negative, not corresponding to the physical 
reality. Gümbel (1914) proposed that only the positive pressure distribution should be 
considered for the bearing load estimation. Working independently of each other, Swift (1932) 
and Stieber (1933) presented boundary conditions for film exit in a better agreement with the 
reality. The Swift-Stieber condition proposes that, at the film rupture boundary, the pressure 
value is the same as the saturated pressure, with a null pressure gradient, being consistent with 
flow continuity at the film exit. Christopherson (1941) proposed a numerical method to solve 
the Reynolds equation, considering such boundary conditions. Ocvirk (1952) presented another 
analytical solution for the Reynolds equation, valid for infinitely short bearings, neglecting the 
circumferential pressure gradient. 
Hersey (1935a, 1935b) defined viscosity, as for a Newtonian fluid, and explained how 
the pressure build-up in the film balances the external load. Kingsbury (1931) proposed an 
approximated solution to the Reynolds equation in two dimensions. Cameron and Wood (1949) 
proposed the first numerical solution to the Reynolds equation for the finite journal bearing, 
considering the Swift-Stieber boundary conditions, by means of finite difference and relaxation 
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methods. Further works utilizing numerical methods were published in a series of papers of 
Raimondi and Boyd (1958a, 1958b, 1958c) and Pinkus (1956, 1958, 1959, 1961). 
One of the most restrictive assumptions considered by Reynolds was the hypothesis of 
constant fluid properties throughout the film. This hypothesis was considered valid over about 
the next 40 years after its publication, but as soon as the first empirical results showed 
discrepancies from expected theoretical results, the Reynolds equation was revisited in order to 
answer the question on its validity, or the validity of its underlying hypotheses. The first 
theoretical approach of thermal effects in lubrication theory was presented by Kingsbury 
(1933). The variation of viscosity and deformation effects were important to analyse the bearing 
characteristics. The classical Reynolds equation, when applied to parallel surface thrust 
bearings, predicted no load-carrying capacity, although Fogg (1946) empirically observed 
otherwise. Cope and Darwin (1949) presented one of the first works considering the lubricant 
temperature variation in bearings, considering that all generated heat is carried out by the 
lubricant and neglecting temperature variations across the film thickness (adiabatic theory).  
Dowson realized the importance of heat conduction across the film thickness, setting 
the foundations for thermo-hydrodynamic (THD) theory. Dowson (1962) derived the 
generalized Reynolds equation from the Navier-Stokes and continuity equations, accounting 
for the fluid properties variation along the film thickness due to temperature variations and 
analysed different thermo-hydrodynamic bearings (Dowson and Hudson, 1963a, 1963b; 
Dowson and March, 1966). Raimondi (1966) presented a solution for the finite slider bearing, 
considering the viscosity and density variations with temperature in the oil film, correctly 
deducing the heat generation in the lubricant could significantly change bearing operation, 
noticing density variations has little effect on the bearing load capacity. 
Given the recent discoveries in lubrication theory showed the necessity to utilize a 
THD approach for an accurate lubrication modelling, the computational time to do such 
analyses were prohibitively large. A common practice at the time was to estimate an equivalent 
average film temperature to estimate the bearing performance parameters with the classical HD 
theory (Seireg and Ezzat, 1973). Ezzat and Rohde (1974) studied thermal transients in finite 
slider bearings. Ferron et al. (1983) investigated the performance of a plain journal bearing, 
considering cavitation, lubrication recirculation and heat transfer between the film and both the 
shaft and bush. In 1986, this analysis was extended, to also include reversed flow at bearing 
inlet and thermoelastic deformation (Boncompain et al., 1986). Khonsari and Beaman (1986) 
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performed a THD analysis of journal bearings under steady state loading, noticing adiabatic 
boundary conditions provides lower bounds for pressure estimates, providing significant 
computational savings. Khonsari did an an extensive review on the THD modelling of bearings, 
revealing that thermal effects influence bearing performance significantly (Khonsari, 1987a) 
and that viscosity variation across the film thickness must be considered and the primary 
mechanism of heat transfer in bearings is dissipation (Khonsari, 1987b). Han and Paranjpe 
(1990) presented a rigorous THD analysis of finite journal bearings, solving the governing 
equations by the Finite Volume Method in general curvilinear coordinates. The authors 
developed their analysis, incorporating the solution of the 3D energy equation for both the oil 
film and bushing (Paranjpe and Han, 1994). 
2.4. Lubrication in floating ring bearings 
As the development of newer technologies in the first half of the 20th century enabled 
the development of high-speed turbines, the use of these turbomachinery required a better 
understanding on bearings and machine elements suitable to high-speed use. The biggest 
problem of earlier journal bearings was overheating. Solutions proposed to contour the problem 
were to simply increase the film clearance, with the expense of decreasing its load-carrying 
capacity and increasing the tendency for oil whirl and whip (Newkirk, 1930; Newkirk and 
Grobel, 1934). The use of a full-floating ring bearing provided the solution of increasing the oil 
film flow without increasing the film clearance, as the floating sleeve between the journal and 
the bearing house provided two channels for the oil to flow (Shaw and Nussdorfer Jr., 1947). 
The origin of the floating ring bearing is not precisely known, but the use of 
multisleeve bearings in Parsons steam turbines is mentioned by Stodola (Stodola, 1927), with 
the objective of damping vibrations from imbalanced rotors. In 1935, Orloff studied 
temperature characteristics in full-floating bearings (Orloff, 1935). In 1947, Shaw and 
Nussorfer studied a full-floating ring bearing to better understand the operating characteristics 
of this type of bearing (Shaw and Nussdorfer Jr., 1947). 
A floating ring bearing (FRB) is composed of two oil films separated by a floating 
ring. The fluid shear in the inner surface tends to make the floating sleeve rotate with the journal, 
while the shear in the outer film tends to reduce this rotation. Therefore, the floating ring is 
subject to two opposing torques and rotates in an equilibrium speed between the journal and 
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housing speeds (Shaw and Nussdorfer Jr., 1947). If the ring is free to rotate, then the bearing is 
called a rotating floating ring bearing (RFRB). If the ring rotation is prevented, then we have 
the so-called semi-floating ring bearing (SFRB), where the outer film acts purely as a squeeze-
film damper (Nowald, 2018). The mechanism governing pressure distribution within each film 
can be described by the Reynolds equation. In this type of bearing, however, since two oil films 
are presented, two equations must be solved – one for each film. The coupling between the two 
equations appears in the ring motion, as it is influenced by the forces and torques in the inner 
and outer films, so an equilibrium must be sought. The strategies developed to solve journal 
bearings can be employed to the two oil films in the rotating floating ring bearing, and all the 
effects influencing bearing performance can be considered in this type of bearing arrangement. 
Orcutt and Ng (1968) presented results for a light-loaded high-speed FRB, considering 
isothermal theory. Tanaka and Hori (1972) studied the stability of FRBs, verifying the 
effectiveness of the FRB to suppress vibrations. Nakagawa and Aoki (1973) presented an 
analytical solution to the FRB and the study on the unbalance vibration of the rotor-bearing 
system. Rohde and Ezzat (1980) studied the frictional performance of dynamically loaded 
FRBs, in order to verify its feasibility for automotive applications. Li and Rohde (1981) studied 
the static and dynamic characteristics of RFRBs, considering linear and nonlinear analysis. Li 
(1982) studied the unbalance and self-excited response of rotors supported by FRBs. In 1984, 
Trippet and Li (1984) investigated the effects of various bearing parameters on the ring speed 
of a high-speed FRB typical to automotive turbocharger applications. 
2.5. Lubrication in thrust (axial) bearings 
The lubrication theory and the Reynolds equation were not restricted to radial bearings, 
being applied also to thrust bearings. Fogg’s results were performed in a Rayleigh step thrust 
bearing (Fogg, 1946). Pinkus and Lynn (1958) presented the Finite Difference Method to solve 
the Reynolds equation applied to finite-length thrust bearing. Dowson and Hudson (1963a, 
1963b) applied the newly derived generalized Reynolds equation to thrust bearings. Sternlicht 
also presented some of the first works on thrust bearings, considering thermal effects 
(Sternlicht, 1958, 1957; Sternlicht and Sneck, 1957; Sternlicht et al., 1961). Castelli and 
Malanoski (1969) presented a numerical analysis to solve the Reynolds and energy equation by 
the Finite Volume Method and its application to tilting-pad-sector thrust bearings. 
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Huebner (1974) presented a THD analysis of sector-shaped thrust bearings, 
considering heat exchange in the three directions. Heat transfer in the solid pad was also 
considered, noticing adiabatic solutions can be used in most cases to predicted bearing 
performance parameters. Robinson and Cameron (1975) accomplished a thermo-elasto-
hydrodynamic (TEHD) analysis of a thrust bearing, considering the pad and runner distortions 
due to elastic and thermal effects. Ettles (1976) developed a TEHD analysis of sector shaped 
tilting pad thrust bearings, realizing the importance of considering the viscosity variation within 
the film thickness, as noticed in some experiments. Frene (1978) studied a fixed tapered-land 
thrust bearing, considering turbulence effects and neglecting thermal variations, noticing 
nonlaminar flows increase the bearing torque and load capacity and the inertia term in the 
Reynolds equation can be neglected. Therefore, for bearing design, neglecting heat transfer to 
the solid parts and turbulence effects in the oil flow predicts the worst case scenario. 
Vohr (1981) provided an analytical model to predict the operating temperature of 
thrust bearings. Ettles (1982) studied propagation of thermoelastic effects in time. Heshmat and 
Pinkus (1986) investigated the mechanism of mixing in the grooves, providing appropriate 
mixing functions and empirical equations for inlet temperature determination of both thrust and 
journal bearings, as oil supply temperature has a great influence on bearing performances. 
Heshmat and Pinkus (1987) investigated the effect of misalignment in thrust bearings. 
Colynuck and Medley (1989) presented a modification on the formulation in the discretized 
Energy equation to ensure the Scarborough criteria is satisfied. Koç (1990) presented a detailed 
analysis of the finite difference method applied to the classical isothermal Reynolds equation. 
Ettles and Anderson (1990) solved the Reynolds equation using finite element and finite 
difference methods, comparing both models. In the following year, Ettles and Anderson (1991) 
performed a three-dimensional thermoelastic modelling of thrust bearings, noticing that 3D 
temperature fields offer accuracy and realism. 
Dobrica and Fillon (2005) compared the Reynolds and Navier-Stokes equations 
applied to a Rayleigh step thrust bearing, concluding that the errors introduced by the Reynolds 
model are insignificant and the Navier-Stokes equations have slow convergence rates, 
especially for thin films, rendering it unusable for three-dimensional studies. Dadouche et al. 
(2006) analysed the influence of different operational parameters (oil supply temperature, 
applied load and rotational speed) on thrust bearing performance characteristics (temperature 
field, minimum film thickness, leakage flow and power loss). Chen and Zhu (2010) investigated 
the differences between a two-dimensional and a three-dimensional model, observing sensitive 
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differences between both approaches. Liu and Mou (2012) presented an analytical solution to 
the isothermal Reynolds equation applied to fixed-inclined-pad thrust bearings. Henry et al. 
(2014) presented an experimental study on tapered-land thrust bearings, observing the influence 
of the rotational speed and applied load on the thrust bearing performance. Gad (2016) 
investigated the angular misalignment influence on the characteristics of gas-lubricated foil 
thrust bearings. Dousti et al. (2019) investigated a fixed-geometry thrust bearing considering a 
thermo-hydrodynamic modelling, including inertial and turbulence effects and heat exchange 
in the runner and collar. Dousti and Allaire (2019) extended the previous complete THD 
analysis to single-film and double-film floating disc thrust bearings. 
Peixoto et al. (2019) compared the full three-dimensional energy equation with 
simplified energy equations, applied to turbocharger thrust bearings, noticing the simplified 
models provided good results only for low rotational speeds. Peixoto and Cavalca (2019) 
investigated the effect of angular misalignments on turbocharger thrust bearings, solving the 
generalized Reynolds equation and the three-dimensional energy equation, without further 
simplifications. Sensible differences between a purely isothermal and the THD models were 
observed on the bearing load-carrying capacity. The effect of angular displacements was 
investigated in terms of supported load and restoring moments. It was observed that 
linearization of the thrust bearing dynamic characteristics is not suitable and, in a dynamic 
analysis, the axial thrust bearing forces should be considered in its full nonlinear form. 
2.6. Hydrodynamic bearings in rotating systems 
The previous sections presented the developments on radial and axial bearings over 
time, analysing the bearing performance. The objectives of those studies were to develop a 
reliable bearing model and understand its main characteristics and the effects of each parameter 
on the expected results. Results were obtained for the bearing characteristics, pressure and 
temperature distributions, bearing load-carrying capacity, inlet and outlet flows, power losses 
or any other desired output. Knowledge of these performance characteristics allows for a better 
description of the bearing parameters, but the objective in characterizing the bearing is its use 
to support loads in rotary machines. 
There are two common approaches to represent the fluid film forces from bearings in 
a rotordynamic simulation: the linearized model and a time-transient model. The linearized 
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model represents the bearing dynamics by its equivalent stiffness and damping coefficients, 
estimated near the operating position, as first described by Lund and Sternlicht (1962) and Lund 
(1964, 1965), and is valid for displacements around a small range of the equilibrium position 
(Lund, 1987). A time-transient model considers the bearing governing equations in its full form, 
without any linearization assumptions. The equations are solved at each time instant, providing 
simulation results in better agreement with the actual system performance. For an isothermal 
bearing, the Reynolds equation must be solved at each time step. If other effects are included 
in the model, more equations must be solved altogether in each time step, greatly increasing the 
computational requirements. This section presents the technological advances in integrating 
lubricated bearings in rotordynamic analyses, either by linear or nonlinear coefficients, or by 
solving the Reynolds equation in successive iterations. 
2.6.1. Floating ring bearings in rotating systems 
The use of a floating ring bearing came as a solution to increase the bearing load-
capacity, without greatly increasing the phenomenon of oil whirl and whip, as the bearing 
clearance is divided in two films. Because the radial bearing is composed of two oil films in 
series, the analysis does not differ much from the modelling considering just a regular journal 
bearing. However, it introduces more equations to the differential equations of motion of the 
system, as the dynamics of the floating ring must also be considered. Also, because two oil 
films are presented, the phenomenon of fluid-induced instability may appear on any film, so 
typically a rotor supported by floating ring bearings will present more sub-synchronous 
components then the same rotor supported by a regular journal bearing. 
This last observation was investigated by Schweizer (2009a), who studied the 
phenomenon of oil whirl and oil whip in a de Laval rotor supported by rotating floating ring 
bearings, observing both inner and outer oil films can exhibit the oil whirl/whip instability 
phenomenon and may induce sub-synchronous oscillations in the rotor-bearing system. 
Chasalevris and Sfyris (2013) developed an analytical solution to the isothermal Reynolds 
equation, for finite length bearings. Chasalevris (2016a) later applied the analytical solution to 
finite-length floating ring bearings. Kim and Palazzolo (2017) studied instabilities of a de Laval 
rotor supported by floating ring bearings, including thermal effects in the fluid films, noticing 
THD bifurcation curves are more sensitive to changes in the rotational speed and supply 
temperature than the isothermal response. Chasalevris and Louis (2019) extended the fluid film 
bearing lookup table method of Chen et al. (2002) to elliptical journal and floating ring bearings, 
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presenting a detailed description of the Database Method to estimate the bearing forces to 
evaluate transient responses of rotary systems supported by hydrodynamic bearings. 
2.6.2. Thrust bearings in rotating systems 
With the advance of the computational power through time, several effects and more 
complex models were able to be included in a rotor-bearing system simulation. As the 
computing capacity of early computers were not great, several hypotheses were considered to 
ease the analysis. Given the high computational cost of solving the dynamic equations of a 
rotating system supported by lubricated hydrodynamic bearings, the thrust bearing was usually 
neglected in most rotating system analyses. Many authors would verify the journal bearings 
were not capable of supporting axial loads and, in a similar manner, thrust bearings were not 
capable of supporting radial loads. They would claim the axial-lateral oscillations were 
uncoupled and neglect the effect of the thrust bearing in a dynamic analysis of rotating system. 
The thrust bearing would be designed and analysed separately from the journal bearings. 
Mittwollen et al. (1991), however, presented a model for calculating the static and 
dynamic characteristics of thrust bearings, noticing its capacity to affect lateral vibrations. Jiang 
and Yu (1999) presented a rotor-bearing system analysis, considering the thrust bearing 
misalignment effects, revealing the coupling between the thrust bearing and the static and 
dynamic characteristics of the rotating system. Berger et al. (2000, 2001) investigated the 
influence of thrust bearing defects on bending vibrations of the shaft. San Andrés (2002) 
inspected misalignment effects of hydrostatic and hydrodynamic thrust bearings, considering 
turbulence effects. Zhu and Zhang (2003) compared the axial transient response of a rotor 
supported by sector-shaped thrust bearings, verifying linear analysis is unsuited, while 
nonlinear analysis appears reasonable. Finally, Snyder and Braun (2018) studied the dynamics 
of sliding bearings, comparing solutions of the perturbed Reynolds equation with robust CFD 
models, noticing both approaches predict comparable values for the dynamic coefficients. 
2.7. Dynamics of turbochargers 
A very specific type of rotary machine is the automotive turbocharger. It is a high-
speed, high loaded, light weight rotating system, supported by floating ring bearings and a 
double-acting thrust bearing. Given the extremely high rotational speeds achieved by a typical 
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turbocharger, the floating ring bearing is a better solution to withstand the unbalance forces. 
The use of rolling-element bearings is also restricted, as it cannot work with extremely high-
rotational speeds. The use of a double-acting thrust bearing is also mandatory, because of the 
axial force imbalance from the gas flows in the compressor and turbine. It is a multiphysics 
problem, wherein aerodynamic forces act on the rotor wheels, fluid-strucutre interaction occurs 
in the hydrodynamic bearings, within the field of lubrication theory, and the rotating shaft 
oscillations are comprised the field of mechanics of solids. Given the high nonlinearities of the 
turbocharger dynamics, its modelling is complicated and several assumptions are usually 
admitted in a theoretical analysis of such system. Typically, the axial dynamics of a 
turbocharger are neglected, as the following subsection will present. However, more recent 
works have start to consider the concomitant effect of floating ring and thrust bearings in a 
more reliable turbocharger simulation, as it will be later presented. 
2.7.1. Lateral dynamics of turbochargers 
This section presents some relevant works on turbochargers, neglecting the axial 
dynamics, the effect of the thrust bearing and the axial-lateral coupling. Due to computational 
restrictions, it was common to separate the turbocharger analysis in axial dynamics and thrust 
bearing design and lateral dynamics and floating ring bearing design. 
San Andrés and Kerth (2004) studied a floating ring bearing for application on 
turbochargers, modelled as finite-length bearings and considering thermal effects with a lumped 
parameter thermal model. The FRB steady state characteristics were analysed considering the 
equations of motion for the ring, as previous works neglected the ring translational inertia (Li, 
1982). Holt et al. (2005) compared experimental and analytical results of a turbocharger 
supported by rotating floating ring bearings, noticing two sub-synchronous whirl motions. They 
also compared the linear and nonlinear bearing models. Only the nonlinear model was able to 
predict limit cycle amplitudes of the sub-synchronous oscillations. San Andrés et al. (2007) 
presented experimental results of a turbocharger, demonstrating that one of the most important 
parameters in a turbocharger analysis is the correct prediction of the floating ring speed. Bonello 
(2009) analysed a turbocharger supported by floating ring bearings, whose modelling was 
formulated in modal space. The rotor was reduced to a four node/three element shaft, two nodes 
representing the compressor and turbine wheels and two nodes with floating ring bearings. 
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Schweizer and Sievert (2009) presented frequency spectra of run-up measurements of 
a turbocharger supported by floating ring bearings, showing several nonlinear effects: the self-
excited vibrations, the oil whirl/whip phenomenon and jump phenomena. Schweizer (2009b) 
theoretically investigated the stability of turbochargers supported by floating ring bearings, 
categorizing the observed sub-synchronous oscillations depending on whether the inner or outer 
oil film is unstable and regarding to which vibration mode is being excited: 1. Sub-synchronous 
(sub1, when oil whirl/whip in the inner film excites the rigid body conical mode), 2. Sub-
synchronous (sub2, when oil whirl/whip in the inner film excites the rigid body cylindrical 
mode) and 3. Sub-synchronous (sub3, when the outer film whirl/whip excites the conical mode). 
Another limit cycle can also be reached, called Total Instability, which is the synchronization 
of the two limit cycles of the inner and outer oil whirl/whip. 
Deligant et al. (2011) did a 3D CFD analysis of a turbocharger journal bearing 
operating in low rotational speeds, noticing the friction torque is not a linear function of the 
rotational speed, as was predicted by isothermal analyses. Inagaki et al. (2011) coupled the 
floating ring bearing with a flexible multibody dynamics model, predicting two vibration 
modes: a conical mode, caused by the inner oil film, and a cylindrical mode with bending, 
caused by the outer oil film. Tian et al. (2011) presented a detailed description of the rotating 
floating ring bearing in a typical turbocharger model, considering short bearing theory, based 
on Capone’s work (1986, 1991). The main findings of the work indicated foundation effects 
can be neglected in the lateral dynamics of turbochargers only for high rotational speeds. 
Busch et al. (2012) compared compared explicit and implicit approaches in the time 
integration scheme, observing the explicit approach is not reasonable, because the time step has 
to be decreased in order to obtain a stable simulation. Chen (2012) presented an overall analysis 
and comparison of turbochargers for automotive applications and locomotive and marine 
applications. Tian et al. (2012) expanded their previous analysis, modelling the rotor 
considering Timoshenko beams and investigating the effect of the FRB outer clearance on the 
dynamic characteristics of turbochargers during run up and run down conditions. 
Tian et al. (2013) investigated the effect of unbalance on the response of turbochargers 
supported by floating ring bearings. Brouwer et al. (2013) investigated experimentally the whirl 
oscillations in turbocharger supported by floating ring and ball bearings, showing the traditional 
turbocharger motion supported by floating ring bearings is dominated by sub-synchronous 
components, while ball bearings were significantly more rigid and stable. Eling et al. (2015) 
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presented a modification on the floating ring bearing geometry, considering a ring with a lobed 
clearance, capable of reducing vibration over conventional cylindrical floating ring bearings, 
with an increase in friction losses. Koutsovasilis et al. (2015) proposed a methodology to 
quantify the sub-synchronous vibrations during run up simulations, showing that almost 40% 
of system global response is controlled by the design on the outer clearance. Chasalevris 
(2016b) extended the analytical floating ring model to investigate the dynamics of a 
turbocharger system. Tian et al. (2016) proposed a new method to calculate power losses in full 
floating ring bearings, using nonlinear rotordynamic transient simulations. 
Bernhauser et al. (2017) studied the influence of circular and non-circular bearings on 
the sub-synchronous vibrations of turbochargers, verifying that a ring whose contour consisted 
of six sinusoidal lobes, was capable to suppress shaft whirl and increase the onset shaft 
rotational speed of the ring whirl. Li et al. (2017) analysed the performance of a turbocharger 
supported by floating ring bearings, comparing measured and simulated results. The thermo-
hydrodynamic modelling of the radial bearings showed the thermal expansion of the rotor and 
ring changes the oil film clearances and should be accounted for and the temperature 
distribution in all three directions is considerable. Liang et al. (2017) presented the same thermal 
modelling of the rotor and bearing equations of Li et al. (2017), but applied to semi-floating 
ring bearings. Smolík et al. (2017) investigated the influence of outer film clearances and the 
inner-to-outer ratio clearances on the sub-synchronous components in the rotor response. 
Woschke et al. (2017) presented a holistic simulation for transient analysis of turbochargers 
supported by both rotating and semi-floating ring bearings. 
Dyk et al. (2018) investigated the floating ring bearing modelling, comparing short 
and long bearing solutions, and the short and long approximations with correction polynomials 
proposed by Bastani and de Queiroz (2010). Chiavola et al. (2018) conducted tests in a small 
diesel engine equipped with a turbocharger, verifying a sinusoidal fluctuation in the 
turbocharger speed, even though the diesel engine was running at a constant rotational speed. 
Strzelecki (2018) also proposed a modification on the geometry of a floating ring bearing to 
turbocharger application, observing some advantageous characteristics over the traditional 
cylindrical floating ring bearing. 
As many recent works were suggesting the necessity to solve a reliable Reynolds 
equation on the bearings, i.e., an equation with less restrictive hypotheses, to better predict the 
nonlinear behaviour of oil film bearings, different approaches have been studied, such as the 
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previously mentioned lookup table method (Chasalevris and Louis, 2019), in order to perform 
a reliable simulation in a reasonable amount of time. This method was already in use by other 
authors, even though they presented the method without explicit naming them. Novotný et al. 
(2018) presented the Database Method applied to rotating floating ring bearings, in order to 
accurately predict the fluid film forces and torques of the inner and outer oil films, emphasizing 
the reduced time-consuming solutions. 
Provided there must be a communication between the inner and outer oil films in a 
floating ring bearing, the incorporation of holes or axial/circumferential grooves in the floating 
ring to let the oil flow from the outer to the inner film leads to a modification of the boundary 
conditions in the Reynolds equation. Zhang et al. (2019a) investigated the effect of those axial 
and circumferential grooves in the ring, as it reduces the ring surface area and, consequently, 
the bearing load-carrying capacity and torques. Zhang et al. (2019b) continued their 
investigation on the effect of the circumferential oil groove, both theoretically and 
experimentally, conducting and extensive experimental study on a cold-gas turbocharger test 
bench. The authors also investigated elliptical floating ring bearings (Zhang et al., 2019c) and 
a three-lobed floating ring bearing (Zhang et al., 2019d). 
Dyk et al. (2020) investigated several different linearization approaches for floating 
ring bearings supporting turbochargers. Linear analysis provides fundamental insights into the 
system behaviour, but might be problematic to estimate the threshold speed of instability. The 
proposed linearizations aimed to obtain a better correspondence to the actual turbocharger 
nonlinear behaviour, but some unstable frequencies cannot be associated with any unstable 
mode in the Campbell diagram. 
2.7.2. Axial dynamics of turbocharger 
As previously mentioned, the axial dynamics of a rotating system are usually neglected 
and/or analysed separately. Earlier works treated separately the lateral and axial dynamics. With 
respect to the turbocharger axial dynamics, Gjika and LaRue (2008) proposed an analytical and 
simplified equation to predict axial loads on turbochargers, comparing it with experimental 
results. To study the friction losses in a turbocharger, Deligant et al. (2012) proposed a test 
bench to experimentally identify the bearing losses, being able to identify the thrust and journal 
bearings losses separately. Lüddecke et al. (2015) proposed a model to determine the unsteady 
axial thrust load on turbochargers, under pulsating conditions of engine operation. Hoepke et 
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al. (2015) presented a detailed analysis on the mechanical losses in an automotive turbocharger, 
focusing on the thrust bearing characteristics and its contribution to the total friction loss. 
Remy et al. (2016) presented a modified Reynolds equation for thrust bearings to 
represent multigrade oils (oils with long polymeric chains additives, a component that slows 
down the rate of thinning as the oil warms up and slows down the rate of thickening as the oil 
cools down). Chatzisavvas et al. (2016) included in a turbocharger dynamic model the thrust 
bearing effect and its effect on lateral oscillations, due to angular misalignment. Novotný et al. 
(2019) included the thrust bearing in a turbocharger rotordynamic simulation, highlighting the 
use of the Database Method to reduce the computational time and a comparison of the solution 
with a CFD model. Koutsovasilis (2019) analysed the influence of the thrust bearing position 
along the shaft and the shaft diameter between the radial bearings on the nonlinear oscillations 
and bifurcations of turbochargers. 
In 2020, Peixoto and Cavalca presented an analysis of a turbocharger system supported 
by floating ring bearings and a double-acting thrust bearing. The rotating shaft was modelled 
using Timoshenko beams, the floating ring bearings were modelled using short bearing theory 
and the thrust bearing was modelled using the generalized Reynolds equation. Thermal effects 
were considered in the floating ring bearings using a global thermal analysis, but in the thrust 
bearings, the 3D temperature distribution was considered in the transient analysis. This work 
shows that thermal effects must be included in a reliable turbocharger analysis, to better predict 
the bearing load capacities and amplitude oscillations. The thrust bearing influence on lateral 
vibrations was also observed, reducing the amplitude vibrations due to the fluid-induced 
instability of the floating ring bearings (Peixoto and Cavalca, 2020). 
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3. Turbocharging overview 
The automotive industry has adopted the concept of engine downsizing in the past few 
years to meet requirements from both government, demanding lower emissions, and consumers, 
requesting lower fuel consumption (Peixoto and Cavalca, 2019). To reduce emissions, several 
technologies were developed, such as high-pressure direct injection, exhaust gas recirculation, 
variable valve train, variable compression and hybrid and electric techniques (Nguyen-Schäfer, 
2015). Two other important aspects are engine downsizing and turbocharging. 
Engine downsizing is the practice of utilizing smaller engines providing the same 
power of larger ones. Engine reduction is achieved with fewer numbers of cylinders or smaller 
cylinder volumes. Smaller engines induce less friction between pistons and cylinders and 
reduce the vehicle weight, leading to less driving friction and less fuel consumption. Consuming 
less fuel, smaller engines produce less carbon dioxide (CO2) and nitrogen oxides (NOx), but 
also produce less engine power. To power smaller engines, the engine specific power (the 
engine power per cylinder volume), must be improved. To achieve that, a convenient approach 
is to use the “unused and cost-free energy source” in the vehicles (Nguyen-Schäfer, 2015). 
Figure 3.1 illustrates the average energy flux in a passenger car, and how the available 
energy from the fuel is utilized in the vehicle (Nguyen-Schäfer, 2015). Only about 10%-15% 
of the fuel energy is actually used for driving power. The rest of the available energy contained 
in the fuel is not utilized to drive the vehicle. 27%-33% of the energy is required for thermal 
cooling, 10%-14% of the energy is lost due to friction or load changes and 2%-4% is utilized 
to supply power to control devices, electric motors and entertainment devices. These portions 
of energy cannot be utilized to increase the engine specific power (Nguyen-Schäfer, 2015). 
 













Fuel energy flux of passenger car
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However, 30%-35% of the total energy is lost in the thermal exhaust gases. After 
combustion of the fuel in the engine, the hot exhaust gases enthalpy is quite high, being their 
temperature around 820-850 °C for diesel and 950-1050 °C for gasoline, so a lot of this enthalpy 
energy is lost to the environment (Nguyen-Schäfer, 2015). The key idea of the turbocharger is 
to utilize part of this energy to boost the smaller engine and increase its specific power. 
The exhaust-gas turbocharger is composed of a core unit CHRA (centre housing and 
rotating assembly), turbine, compressor and actuator. The compressor and turbine wheels are 
mounted on the rotating shaft, which is usually supported by rotating floating ring (RFRB), to 
sustain the lateral vibrations inherently to every rotating system. The shaft is also supported by 
a double-acting thrust bearing to sustain the axial loads from the force imbalance of the gas 
flows in the compressor and turbine (Peixoto and Cavalca, 2019). A turbocharger connected to 
an internal combustion engine cylinder is schematically shown in Figure 3.2. 
 
Figure 3.2 – Scheme of turbocharger with thrust and journal bearings charging an internal 
combustion engine 
The turbocharger principle of operation is to expand the exhaust gases in the turbine 



























higher pressure in the compressor wheel. Figure 3.2 illustrates the air flow in the engine-
turbocharger cycle. The atmospheric air enters the centrifugal compressor, where the radially 
outward flowing air is compressed, increasing its pressure and density. In the sequence, the air 
flows through an intercooler, reducing the compressed air temperature and, consequently, 
further increasing its density. At the intake port, the compressed air enters the cylinder, wherein 
fuel is injected by the intake valve. After combustion of the air and fuel mixture, the exhaust 
valve opens and the hot burnt gases leaves the cylinder and is directed radially inward and 
circumferentially at high speed by vanes (nozzles) into the turbine wheel blades (the gases are 
the propellers). At this stage, the enthalpy energy still contained in the hot gases is therefore 
delivered, producing work. The turbine drives the compressor (Heywood, 2018). The use of a 
turbocharger improves the engine specific power and reduces emissions. Turbocharged 
downsized engines could save nearly 10% on fuel consumption by reducing the cylinder 
volume by 25% (Nguyen-Schäfer, 2015). 
3.1. Bearing system 
By definition, bearing is a machine component that allows relative motion between 
two surfaces. The shaft rotating in a plain journal bearing can be supported by a gas or liquid, 
wherein there is no contact between the shaft and the bearing (Norton, 2019). Typically, the 
turbocharger rotating shaft is supported by hydrodynamic bearings arranged in several ways, 
meaning the shaft is supported by the oil lubricant within the bearing housing and the shaft. 
Hydrodynamic bearings can be broadly divided in two major categories, depending on the 
direction of the supported load. If the load direction is radial (perpendicular to the shaft axis), 
the bearing is called a radial or journal bearing. The rotating shaft, or the journal, is radially 
supported by this bearing. To support an axial load (parallel to the shaft axis), an axial or thrust 
bearing is used. The axial bearing resists the axial thrust in the shaft. 
The use of radial bearings is mandatory in any rotating system. Unbalance in rotors 
arises due to mass unbalance, inherently to every rotating system, because in real systems the 
centre of mass and the centre of rotation are not perfectly aligned. Unbalance vibrations are 
synchronous with the shaft speed (Gasch et al., 1975; Krämer, 1993; Alsaeed, 2005). When 
hydrodynamic bearings are utilized to support this vibrations, another type of vibration appears. 
Self-excited vibrations appear during rotor operation and can occur in the system natural 




Figure 3.3 – Bearing system configuration in turbochargers 
Currently, the most common configuration of the bearing system in small 
turbochargers is the bearing between wheel assembly, as in Figure 3.3(a). This configuration is 
advantageous as the oil supply is located between the compressor wheel (CW) and turbine 
wheel (TW), which makes it very simple to isolate the lubricating oil from the gas path. Due to 
poor accessibility, bearings in this position must be designed for long life and minimum 
maintenance. The assembly in Fig. 3.3(b) allows for a smaller shaft, with high bending critical 
speed, and minimizes the need for water-cooling. This inboard-outboard design, however, has 
many disadvantages and its benefits do not compensate it. The arrangement in Fig. 3.3(c) is 
used in small gas turbines, to separate the lubricant from the hot turbine. In this case, however, 
heat transfer from the turbine to the compressor may occur due to its proximity, reducing the 
charge air density. Finally, in large turbochargers, the configuration in Fig. 3.3(d) is used, whose 
major benefit is the bearing accessibility, as they are outboard mounted (Sjöberg, 2013). 
Due to the gas flow in both the compressor and turbine, the axial thrust imbalance will 
also require the use of a thrust bearing. The most common configuration is to use it in the 
compressor side, between the journal bearing and the compressor wheel, as shown 
schematically in Fig. 3.2. Typically, the thrust bearing is not mounted in the turbine side. 
3.1.1. Roller bearings 
Given the recent developments in manufacturing and technology, the use of ball 
bearings in small turbochargers has increased. Brouwer et al. (2013) compared the use of ball 
bearings with the more traditional floating ring bearings, noticing the ball bearings are more 
rigid and stable. Polichronis et al. (2013) claims ball bearings also provide lower friction 
coefficients, smaller oil tolerances and less oil consumption. They also spool up faster, reducing 











Nevertheless, they are not used in small mass-produced turbochargers, mainly due to durability 
issues at high turbocharger speeds and high manufacturing costs (Sjöberg, 2013). 
3.1.2. Floating ring bearings 
Turbochargers are commonly supported by hydrodynamic bearings. The thin layer of 
lubricant fully separates the moving parts, so there is no contact between the solid parts, 
reducing friction and wear. In the common configuration shown in Figure 3.3(a), the oil supply 
is located in-between the compressor and turbine wheels. The feeding oil is divided between 
the bearings, as illustrated in Figure 3.4. 
 
Figure 3.4 – Oil supply in a typical turbocharger supported by hydrodynamic floating ring and 
thrust bearings (Chatzisavvas, 2018, licensed under CC BY-SA 4.0) 
Various types of radial bearings may be used in turbochargers. Fixed sleeve, 
cylindrical bearings were utilized in early turbochargers, but had balancing problems and a 
short lifetime (Sjöberg, 2013). Oil whirl in this type of bearing appears either when the shaft 
reaches its critical speed or when its alignment is lost, resulting in large amplitude oscillations. 
Because of that, the fixed sleeve bearing became obsolete (Polichronis et al., 2013). In large 
low speed turbochargers, however, these type of bearing may still be used (Sjöberg, 2013). 
To circumvent the problem of oil whirl in fixed sleeve bearings, the use of a floating 
ring divides the radial clearance in two oil films. In the floating ring bearing, the inner oil film 
is the lubricant layer between the shaft and the floating ring and the outer oil film, the lubricant 
layer between the floating ring and the bearing housing. This bearing configuration improves 
damping and resilience (Sjöberg, 2013). The oil flows from the oil supply to both bearings outer 
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film in the feeding channels. Subsequently, it flows from the outer film to the inner film through 
the feeding holes in the bearing. 
 
Figure 3.5 – Types of floating ring bearings (Adapted from Chatzisavvas, 2018, licensed 
under CC BY-SA 4.0) 
This type of bearing can have two different configurations. The floating ring can either 
be completely free to move (and rotate) in the bearing clearance, being called fully floating or 
rotating floating ring bearing (RFRB), or its rotation can be somewhat prevented, usually with 
an anti-rotation pin locking the bearing, being called semi-floating ring bearing (SFRB). Figure 
3.5 illustrates these types of bearings. The fully floating ring bearing can have (a) only 
symmetrically distributed oil-feed holes to supply oil to the inner film or it can have a 
circumferential (b) or axial (c) groove. An axial groove is not common in a semi-floating ring, 
so it can either have only the oil-feeding hole (d) or also present a circumferential groove (e). 
Both types of floating ring bearings are inexpensive to manufacture and last longer than other 
types of bearings (Vistamehr, 2010). As the semi-floating ring is prevented to rotate, its 
movement is composed only of displacements, and the outer films acts as a pure squeeze film 
damper, in contrast with the free-to-rotate fully floating ring, where the outer film will have 
both important mechanisms of oil pressure increase mostly found in a radial bearing, i.e., the 
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The SFRB appears to be a much newer technology than the RFRB. Stodola (1927) 
mentions the use of fully floating ring bearing to damp vibrations in steam turbines and Shaw 
and Nussdorfer (1947) observe they were already in use in aircraft engines from 1920 to 1930. 
Bonello (2009) notices that “semi-floating (non-rotating) rings appear to be novel for industrial 
turbocharger applications” and that “no such research has been published to the author’s 
knowledge”. The SFRB begin to be utilized and investigated almost one-hundred years after 
the RFRB. Because the ring rotation is prevented in the SFRB, the outer oil film requires 
dynamic excitation to support external loads (Bonello, 2009), which can arise due to rotor 
unbalance or the inner film self-excited vibration. They also require a lower oil pressure supply 
(Polichronis et al., 2013) and present lesser power losses in comparison with RFRB (Vistamehr, 
2010). However, since the ring does not rotate, only the inner film may present the whirl/whip 
phenomenon. Therefore, the influence of unbalance excitation is higher, which reduces the 
maximum rotational speed the shaft can achieve (Woschke et al., 2017). Also, because the semi-
floating rings are typically one piece with two bearing surfaces, they are only effective when 
the inner film is stiff enough to transmit shaft motion to the bearing (Sjöberg, 2013), as the 
higher damping characteristics will be provided by the outer squeeze damper film. 
3.1.3. Thrust bearings 
 
Figure 3.6 – Turbocharger axial motion due to gas and air flows (Adapted from Schwinn, 
2003, licensed under Public Domain) 
The axial thrust from the exhaust gas flow in the turbine and the atmospheric air flow 
in the compressor gives rise to an axial force imbalance that are not supported by the radial 
bearings (Peixoto and Cavalca, 2019, 2020), as illustrated in Figure 3.6. To compensate this 
axial force imbalance, a thrust bearing is utilized, as illustrated in Figure 3.7. The thrust bearing 









Figure 3.7 – 5-pad thrust bearing: (a) illustrative scheme and (b) supporting external axial 
load 
The thrust bearing shown in Figure 3.7 supports the external load 𝑊𝑇 in the direction 
from runner/collar to thrust bearing. Each bearing pad supports a fraction 𝑊𝑖 of the total load. 
In a turbocharger, the resultant axial force can either be directed from the turbine to the 
compressor or the other way around, so that the turbocharger is mounted on a double-acting 
thrust bearing. A double-acting thrust bearing has two sets of thrust pads mounted in opposite 
directions. Each thrust bearing absorbs the axial load in one direction. Figure 3.8 illustrates 
different types of turbocharger thrust bearings. 
 
Figure 3.8 – Types of thrust bearings (Adapted from Chatzisavvas, 2018, licensed under CC 
BY-SA 4.0) 
The double-acting thrust bearing has two possible configurations. It can either be 
collar–bearing–collar (Figure 3.9) or bearing–collar–bearing (Figure 3.10). In both 
configurations, the collar is attached to the shaft and rotates with it, while the thrust bearing is 
attached to the bearing housing and remains stationary. To the best of the author knowledge, 
from the literature review, there seems to be no advantage of one configuration over another 
and the use of each configuration is merely a decision of the turbocharger manufacturer. 
However, it should be noticed that the thrust collar and the thrust pad are manufactured with 
different materials. The collar is attached to the shaft, they are manufactured together and are 



























house, is made of a copper or brass alloy. As the materials are different, heat transfer between 
both oil films through either the bearing or the collar in the two different configurations may 
change the operating characteristics of the thrust bearing. 
 
Figure 3.9 – Turbocharger double-acting thrust bearing, collar-bearing-collar configuration: 
(a) shaft CAD and (b) shaft mesh (Adapted from Chatzisavvas, 2018, licensed under CC BY-
SA 4.0) 
 
Figure 3.10 – Turbocharger double-acting thrust bearing, bearing-collar-bearing configuration 
(Adapted from Dechant, 2019 licensed under CC BY-SA 4.0) 
Usually, thrust bearings are neglected in turbocharger rotordynamic simulations 
(Bonello, 2009; Schweizer, 2009b; Tian et al., 2011, 2012, 2013; Li et al., 2017; Dyk et al., 
(a) Turbocharger CAD










2018; Novotný et al., 2018; Smolík et al., 2017, 2019; Zhang et al., 2019a, 2019b, 2019c, 
2019d). However, recent studies have shown the necessity to include this bearing in a reliable 
turbocharger model, as the thrust bearing may influence lateral vibrations. In Figure 3.7, the 
thrust collar connected to the shaft is parallel to the flat surface of the thrust pad. However, the 
shaft deflection due to lateral vibrations induces a rotation in the collar, as illustrated in Figure 
3.11. It has been shown (Chatzisavvas et al., 2016; Peixoto and Cavalca, 2019, 2020) this collar 
rotation induces restoring moments, which affects the lateral oscillations of the turbocharger. 
 
Figure 3.11 – Rotation of turbocharger thrust collar and resulting restoring moment (Adapted 




4. Turbocharger rotor/bearing system 
An automotive turbocharger is composed of a rotating shaft connecting the turbine and 
compressor wheels, supported by hydrodynamic bearings. This chapter presents the equations 
of motion of this type of system and the integration of the different components on the resultant 
equations. The modelling of this rotating system, by the Finite Element Method, and the 
inclusion of the hydrodynamic bearings on the resultant equations of motion are discussed. 
In the turbocharger model, the turbine and compressor wheels are modelled as rigid 
disc elements, Section 4.1.1, and the rotating shaft is modelled using frame elements, Section 
4.1.2. For brevity, the full derivation of the equations is omitted in this work, but it can be 
verified in Tuckmantel (2010), Friswell et al. (2010) or Genta (2005). The incorporation of the 
hydrodynamic bearings are later discussed in Section 4.1.3. The external forces exciting the 
rotary system are described in Section 4.1.4. The resultant equations of motion are summarized 
in Section 4.1.5. Subsequently, in Section 4.2, we described the time marching scheme utilized 
to integrate the resultant equations of motion. Finally, in Section 4.3, the Database Method is 
described as implemented in the current work, in order to greatly reduce the total computational 
time in evaluating the (nonlinear) thrust bearing forces and momenta. 
4.1. Rotating system modelling 
 
Figure 4.1 – Typical turbocharger (rotating system) finite element model 
Figure 4.1 shows a typical configuration of a turbocharger. This rotor is composed by 
the rotating shaft, modelled using frame elements, and the compressor (CW, in blue) and turbine 
(TW, in red) wheels, modelled as rigid discs. A double-acting thrust bearing (TB, in nodes 2 to 
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4) supports the shaft axially, while floating ring bearings (FRB, in nodes 5 and 6) support the 
shaft radially. The inertial reference frame 𝑋𝑌𝑍 is utilized. The longitudinal axial axis is in the 
𝑋 direction, while the transverse horizontal and vertical axes are, respectively, 𝑌 and 𝑍. 
The rotor deformation is described with respect to the inertial reference system 𝑋𝑌𝑍 
by translations 𝑥, 𝑦 and 𝑧 in the directions 𝑋, 𝑌 and 𝑍, respectively, to locate the elastic line, 
and by small rotation angles 𝜙𝑦 and 𝜙𝑧, around the 𝑌 and 𝑍 axes, to orientate the plane of the 
cross section. The cross section also rotates around its normal direction, with its own rotation 
speed Ω𝑗. The vector of generalized coordinates in the inertial reference frame 𝒒 is: 
𝒒 = {𝑥 𝑦 𝑧 𝜙𝑦 𝜙𝑧}𝑡 (4.1) 
We follow the works of Nelson and McVaugh (1976), Nelson (1980) and Tuckmantel 
(2010) to obtain the equations of motion of the rotating system. For small rotations 𝜙𝑦 and 𝜙𝑧, 
they can be assumed to be collinear with the 𝑌 and 𝑍 axes. Therefore, the angle of rotation 
around the 𝑥 axis 𝜙𝑥, for negligible torsional deformation and constant rotational speed, is equal 
to Ω𝑗𝑡. The spin speed Ω𝑗 = ?̇?𝑥 is the rotor rotational speed. 
4.1.1. Disc element 
 
Figure 4.2 – Disc element: geometrical properties and degrees of freedom 
The turbocharger compressor and turbine wheels are modelled as rigid discs. This 
assumption admits the rigid disc has only kinetic energy – it does not have bending potential 
energy. For an annular cross-sectional area, the rigid disc has an inner radius 𝑟𝑖, an outer radius 
𝑟𝑜, a length 𝐿 and a mass 𝑚, as in Figure 4.2. If the disc has a density 𝜌, its mass 𝑚 is: 
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𝑚 = 𝜌𝐴𝐿 = 𝜌𝜋(𝑟𝑜
2 − 𝑟𝑖
2)𝐿 (4.2) 












The rigid disc is assumed to be thin, so its diameter is considerably greater than its 
length, 𝐷 ≫ 𝐿. As expected, its polar moment of inertia is practically double its transversal 







Nelson and McVaugh (1976) present the equations of motion for a rigid disc whose 
centre of mass coincides with the rotor elastic line. In matricial form, it reads: 
𝑴𝑑?̈?𝑑 +Ω𝑮𝑑?̇?𝑑 = 𝒇 (4.5) 
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The nodal displacement vector 𝒒𝑑 = {𝑥𝑖 𝑦𝑖 𝑧𝑖 𝜙𝑦𝑖 𝜙𝑧𝑖}
𝑡 represents translations 
in the axial, horizontal and vertical directions and two small rotations around the 𝑌 and 𝑍 axes. 
The vectors ?̇?𝑑 and ?̈?𝑑 refer, respectively, to the velocities and accelerations of the disc. The 
vector 𝒇 refers to external forces acting on the disc, such as unbalance forces (Section 4.1.4.1). 
4.1.2. Frame element 
The shaft lateral vibration is modelled using beam theory, as it is subject to bending. 
In the current work, a double-acting thrust bearing supports the turbocharger, to sustain an axial 
external load. The frame element includes both axial and bending deformation, as it is the 
superposition of the bar and beam elements (Kwon and Bang, 2000). Peixoto et al. (2015) and 
Peixoto (2016) compared linear and quadratic bar elements, noticing the former is sufficient to 
model axial vibrations on turbochargers. Nelson (1980) utilizes the Timoshenko beam theory 
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to establish the shape functions, including transverse shear effects, and obtain the potential 
elastic and kinetic energies of the beam element and, consequently, its equations of motion. 
 
Figure 4.3 – 3D frame element: composed of bar and beam elements assembled 
The frame element, shown in Figure 4.3, is composed of two nodes per element (𝑖 and 
𝑗) and five degrees of freedom per node, with a uniform annular cross section. The inner and 
outer radii are, respectively, 𝑟𝑖 and 𝑟𝑜, its length is 𝐿 and the element properties are its density 
𝜌, its Young’s modulus 𝐸, Poisson’s ratio 𝜈 and shear modulus 𝐺 = 𝐸 2(1 + 𝜈)⁄ . The equations 
of motion for the frame element, in matricial form, are: 
𝑴𝑓?̈?𝑓 +Ω𝑗𝑮𝑓?̇?𝑓 +𝑲𝑓𝒒𝑓 = 𝒇 (4.7) 
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We notice the inertia and stiffness matrices are symmetric, while the gyroscopic matrix 
is skew-symmetric. Also, there is no coupling in the frame formulation between the axial and 
lateral motion. This important observation shows the axial-lateral coupling effect will be later 
verified to be due to the thrust bearing. The vector 𝒇 denotes external forces applied on the 
element. The nodal displacement vector is 
𝒒𝑓 = {
𝑥𝑖 𝑦𝑖 𝑧𝑖 𝜙𝑦𝑖




while ?̇?𝑓 and ?̈?𝑓 are, respectively, the nodal velocities and accelerations. The parameters in Eqs. 
(4.8) to (4.10) are: 
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Friswell et al. (2010) notice this parameter, although it appears unusual, has the advantage that 
it is nondimensional. The 𝜅 parameter is a shear constant, dependent on the shape of the cross 
section of the beam. For a hollow, circular shaft cross section, the inner-to-outer radii ratio, 
𝑚 = 𝑟𝑖 𝑟𝑜⁄ . Hutchinson (2001) provides the shear constant as: 
𝜅 =
6(1 + 𝜈)(1 + 𝑚2)2
(7 + 12𝜈 + 4𝜈2)(1 + 𝑚2)2 + 4(5 + 6𝜈 + 2𝜈2)𝑚2
 (4.14) 
If structural damping is considered in the equations of motion, the damping matrix is 
summed to the gyroscopic matrix, being considered as proportional (Rayleigh) damping: 
𝑪𝑓 = 𝛼𝑓𝑴+ 𝛽𝑓𝑲𝑓 (4.15) 
4.1.3. Hydrodynamic bearing element 
The hydrodynamic bearings mentioned in Sections 3.1.2 (floating ring bearings) and 
3.1.3 (thrust bearings) sustain the rotating shaft, both radially and axially. When the bearings 
are considered in its full, nonlinear behaviour, the bearings forces are introduced in the 
equations of motion as an external, hydrodynamic vector force 𝒇ℎ. For the floating ring 
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bearings, the inner/outer film has force components 𝐹𝑖,𝑜𝑦,𝑧 in the horizontal/vertical directions, 
while the thrust bearing has an axial force and restoring momenta 𝐹𝑥 and 𝑀𝑦,𝑧. A detailed 
modelling of these bearing forces is presented in Chapter 5. The hydrodynamic vector force is 






























































































































The equations of motion of the rotating shaft are supplemented with the equations of 
motion of the ring, Eqs. (5.17)-(5.19), to account for the ring displacements and rotation. We 
include the equations of motion of the ring in the set of differential equations of motion, adding 
in the hydrodynamic bearing forces the resultant forces and torques in the ring: 

















































If the bearing forces are linearized, its equivalent dynamic coefficients are estimated 
with a Taylor series expansion of the nonlinear forces, truncated to the first order terms: 
𝒇ℎ ≈ 𝒇ℎ
0 +𝑲𝒒 + 𝑪?̇? (4.18) 
Linearization of floating ring bearing forces provides the equivalent damping and 










































































The coefficients are considered only in the horizontal and vertical directions, with respect to 
the two radial displacements of the journal and the floating ring. The coefficients are added in 
the corresponding degrees of freedom of the node wherein the bearing is located in the shaft 
and in the degrees of freedom of the corresponding ring. The superscript 𝑖, 𝑜 indicates the 
stiffness/damping coefficient of the inner/outer film, respectively. To evaluate the Campbell 
diagram in this work, we utilize the short bearing model to approximate the floating ring bearing 
dynamic characteristics, so closed-form expressions can be utilized to evaluate the inner/outer 
film coefficients, as provided by Krämer (1993). 
For the thrust bearing, linearization of the fluid film forces provides the following 










The coefficients are considered in the axial direction and in the rotations around the 𝑌 and 𝑍 
directions. As the thrust bearing forces are evaluated numerically, from the integration of the 
pressure distribution, derivatives of the thrust bearing forces with respect to the displacements 
and velocities are approximated by second-order accurate central differences. 
It is worth notice, however, that the proposed linearizations are not suitable to model 
the turbocharger dynamics in a full transient analysis. Dyk et al. (2020) investigated different 
possible linearizations of the floating ring bearing, but none of the most often used 
linearizations in turbocharger analysis could capture all nonlinear observed phenomena. 
Peixoto and Cavalca (2019) investigated the highly nonlinear axial force behaviour for different 
angular displacements of the thrust collar, noticing its approximation by an equivalent stiffness 
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coefficient is inadequate. Therefore, in the time transient analysis this work, the hydrodynamic 
bearing forces are evaluated in its full nonlinear form. 
4.1.4. External forces 
The excitation forces acting on the turbocharger are separated in three terms: 
𝒇 = 𝒇𝑠 + 𝒇𝑒𝑥𝑡 + 𝒇ℎ (4.21) 
wherein 𝒇𝑠 is a vector containing static (constant) forces, 𝒇ℎ is the hydrodynamic forces, 
discussed in the previous section, and 𝒇𝑒𝑥𝑡 is a vector with external exciting forces. In this work, 
two exciting forces will be considered: unbalance forces, from the compressor, turbine and ring 
mass imbalances, and an external axial thrust, from the gas flow in the compressor and turbine. 
4.1.4.1. Static force 
The only static force considered in the current work is the self-weight of the system. 




































The vector due to a uniformly distributed load along the frame element, due to gravity 

























































wherein the frame element has a density 𝜌, length 𝐿 and inner and outer radii 𝑟𝑖 and 𝑟𝑜. 
4.1.4.2. Unbalance excitation 
In the time transient analysis of the rotating system, any residual mass imbalance will 








?̇?2 cos(𝜙 + 𝛿) + ?̈? sin(𝜙 + 𝛿)








wherein 𝑚𝑢𝑛𝑏 is the residual mass imbalance, 𝑒 is the unbalance offset displacement and 𝛿 is 
the initial unbalance angle with the horizontal (𝑌 axis) direction. Unbalance forces are included 
in the nodes corresponding to the turbine and compressor wheels and in the degrees-of-freedom 
corresponding to the planar ring motion. 
4.1.4.3. External axial thrust 
The thrust force modelling and the relevant pressures and surfaces are introduced in 
this section. The procedure follows the equations presented in Nguyen-Schäfer (2015) and 
Lüddecek et al. (2015). The resultant thrust load is caused by different pressures acting in the 
compressor and turbine wheels, along with the impulse force resulting from the flows in the 
wheels in the axial direction, and is dependent on the rotational speed. A precise simulation of 
the net thrust force requires the use of CFD, but this approach requires a huge computational 
effort at all operating conditions (Nguyen-Schäfer, 2015). Lüddecek et al. (2015) notice these 
complex models are not used often, due to elaborate requirements for their calibration. 
Another approach to estimate the thrust load is to use Newton’s second law of motion, 
whose analytical results are, according to Nguyen-Schäfer (2015), “quite good, compared to 
the CFD numerical results”. Nguyen-Schäfer also observes the discrepancy between both 
approaches is less than 10%, which is smaller than the safety tolerance range of thrust loads at 
bearing design. This approach uses Newton’s second law applied to the Control Volumes (CV) 




Figure 4.4 – Axial force components acting on the control volumes on the rotor of an 
automotive turbocharger (Adapted from Dechant, 2019 licensed under CC BY-SA 4.0) 
This approach utilizes representative pressures acting on representative surface areas 
and the resulting force considers all relevant influences and effects, instead of modelling every 
single contribution to net thrust that physically exists (Lüddecke et al., 2015). Assuming steady 
state flow and negligible viscous friction at the CV walls, the acting forces on each CV are: 
∑𝒇 =∑(𝒇𝑝,𝑛 + 𝒇𝑖,𝑛)
𝑛
+ 𝒇𝑟 = 𝟎 (4.25) 
wherein 𝒇𝑝 is the pressure force, 𝒇𝑖 is the impulse force and 𝒇𝑟 is the reaction force on the CV. 
The pressure and impulse forces are, respectively: 
𝒇𝑝 = −∮𝑝𝒏𝑑𝐴
𝐴
= −?̅?𝐴𝒏, 𝒇𝑖 = −∮𝒗𝜌𝒗 ⋅ 𝒏𝑑𝐴
𝐴
= −𝜌?̅?2𝐴𝒏 = −?̇??̅?𝒏 (4.26) 
In Eq. (4.26), 𝒏 is the normal vector at the surface, ?̅? is the average pressure on the 
surface, ?̅? is the fluid average velocity at the inlet/outlet flow areas and ?̇? is the mass flow rate 
through the CV. Substituting Eq. (4.26) in Eq. (4.25), the resulting force in the axial direction 
is the axial thrust load 𝐹𝑎𝑥 acting on the rotor: 
𝒇𝑎𝑥 = −∑(?̅?𝑛𝐴𝑛 + ?̇??̅?𝑛)𝒏𝑛
𝑛
 (4.27) 
The thrust load results from all the force components shown in Figure 4.4. The 
components 𝐹1,2,3 are the pressure forces in both CV wheels, while the 𝐹𝑖 component is the 
impulse force. The subscripts 𝑡, 𝑐 are relative to the turbine or compressor, respectively. It is 
assumed the forces are positive in the direction shown in Figure 4.4. Thus, this sign convention 
defines positive forces to be in the direction from the turbine to the compressor. Altogether with 
the pressure, temperature and mass flow information, the projected surfaces, calculated with 
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the relevant diameters illustrated in Figure 4.5, are used to estimate the thrust force components. 
 
Figure 4.5 – Relevant diameters and surfaces to calculate thrust force components on the rotor 
of an automotive turbocharger (Adapted from Dechant, 2019 licensed under CC BY-SA 4.0) 

















The pressure force 𝐹1,𝑐 at the compressor inlet surface area 𝐴1,𝑐 is: 
𝐹1,𝑐 = 𝐴1,𝑐Δ𝑝1 = 𝐴1,𝑐(𝑝1 − 𝑝0) (4.31) 
wherein the relative (manometric) pressure is utilized, Δ𝑝1 = 𝑝1 − 𝑝0. The ambient pressure is 
𝑝𝑎𝑚𝑏 = 𝑝0. The pressure force 𝐹2,𝑐 is calculated using the mean pressure 𝑝2,𝑚 of the compressor 
wheel inlet and outlet pressures: 





The 𝐴2,𝑐 surface area is the projected annular area of the shroud surface in the 𝑥 direction. The 
pressures 𝑝1 and 𝑝2
⋆ are, respectively, the inlet and outlet pressures at the compressor wheel. 
The pressure force 𝐹3,𝑐 is calculated with the air pressure at the back face of the 
compressor wheel. Nguyen-Schäfer (2015) notices this pressure is nearly unchanged, even 
when the gap between the bearing housing and the back face of the compressor wheel is as large 






The 𝐴3,𝑐 surface are is the back face area of the compressor wheel, the annular region between 
the outlet diameter 𝐷2 and the shaft diameter 𝐷𝑠,𝑐 of the compressor wheel connection. 
Finally, the impulse force 𝐹𝑖,𝑐 is: 








wherein 𝑐𝑚,1 is the meridional component of the air velocity at the compressor inlet, whose 
cross sectional area is 𝐴𝑖𝑛 = 𝐴1,𝑐. The meridional air velocity can be computed as a function of 
the air mass flow at the compressor wheel ?̇?𝑐. The air density 𝜌1 is calculated from the perfect 
gas law, whose air constant is 𝑅𝑎. 
With the sign convention of Fig. 4.4, the net thrust force on the compressor wheel is: 
𝐹𝑎𝑥,𝑐 = −𝐹1,𝑐 − 𝐹2,𝑐 + 𝐹3,𝑐 − 𝐹𝑖,𝑐 (4.35) 
The ambient pressure 𝑝0 is measured, altogether with the pressures 𝑝1 and 𝑝2, 
respectively, before and after the compressor wheel stages. The air mass flow ?̇?𝑐 and inlet air 
temperature 𝑇1 are also measured. To estimate the axial thrust load on the compressor wheel, 
the necessary pressure 𝑝2
⋆ between the outlet of the compressor wheel and the diffuser is 
unknown. Directly measuring this pressure is very difficult due to the narrow geometries of the 
gaps between the wheel and its housing (Nguyen-Schäfer, 2015). This pressure is estimated 
using the compressor reaction degree 𝑟𝑐, defined as the ratio of the enthalpy increase in the 



















wherein 𝜅𝑎 is the isentropic exponent of the charge air. Solving Eq. (4.36) for the pressure 𝑝2
⋆: 
𝑝2












the thrust force on the compressor wheel can be evaluated. 
 
Figure 4.6 – Radial versus mixed flow turbine (Lüddecke et al., 2012 licensed under CC BY-
SA 3.0) 
The thrust force estimate on the turbine wheel is analogous to the compressor 
evaluation. There are also three relevant surfaces (𝐴1,𝑡, 𝐴2,𝑡 and 𝐴3,𝑡) for the turbine wheel. 
However, because the turbine wheel has a mixed flow design, in the calculation of 𝐴1,𝑡, the 
mixed flow turbine (MFT, Figure 4.6) wheel backdisc diameter 𝐷𝑏𝑎𝑐𝑘𝑑𝑖𝑠𝑐 is utilized, instead of 







wherein 𝐷𝑠,𝑡 is the shaft diameter of the turbine wheel connection. 
Analogous to the compressor evaluation, the surface area 𝐴2,𝑡 is the annulus surface 













The pressure force components are evaluated analogously to their compressor 





𝐹2,𝑡 is computed with the mean pressure 𝑝3,𝑚 of the turbine inlet and outlet pressures: 





𝐹3,𝑡 is the pressure force at the turbine outlet surface area: 
𝐹3,𝑡 = 𝐴3,𝑡Δ𝑝4 = 𝐴3,𝑡(𝑝4 − 𝑝0) (4.43) 










The resulting thrust force on the turbine wheel, therefore, is: 
𝐹𝑎𝑥,𝑡 = −𝐹1,𝑡 + 𝐹2,𝑡 + 𝐹3,𝑡 + 𝐹𝑖,𝑡 (4.45) 
The pressure 𝑝3
⋆ between the turbine wheel inlet and the stage outlet pressure is 
evaluated using the turbine reaction degree 𝑟𝑡, defined as the ratio of the enthalpy decrease in 


















wherein 𝜅𝑔 is the isentropic exponent of the exhaust gas. Hence, the pressure 𝑝3
⋆ is: 
𝑝3












The overall, net axial thrust force acting on the turbocharger rotor is the sum of the 
resulting thrust force on the compressor and turbine wheels: 




4.1.5. Equations of motion 
From the modelling of each component of the rotating system, each elemental matrix 
is assembled in the global matrices. The frame and disc elemental matrices are assembled 
together, representing the rotor. The bearings supporting the shaft are accounted in its full form 
as external hydrodynamic forces. The assembly must consider the correct mapping between the 
degrees of freedom of the elements and the degrees of freedom of the global matrices. Figure 
4.7 illustrates schematically the assembly of the elemental matrices in the global matrix. 
  
Figure 4.7 – Assembly of elemental matrices in the global matrix 
Equation (4.49) represents the dynamic equations of motion, with all the degrees of 
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In Equation (4.49), the first row corresponds to the rotor subsystem and the second and 
third row correspond, respectively, to the floating ring subsystems at turbine side (TS) and 
compressor side (CS). In the left-hand side of the equation, the matrices 𝑴𝑟, 𝑪𝑟, 𝑮𝑟 and 𝑲𝑟 
represent, respectively, the global inertia, damping, gyroscopic and stiffness matrices of the 
turbocharger rotor subsystem, while Ω𝑗 is the turbocharger rotational speed. The matrices 
𝑴𝐹𝑅𝐵
𝑇𝑆,𝐶𝑆
 represent the mass matrices of both rings at TS/CS, respectively, according to the 
equations of motion for the ring, Eq. (5.17)-(5.19). 
The vector of global displacements 𝒒 assembles global nodal displacements of the 






































































The vector of global velocities and accelerations are ?̇? and ?̈?, respectively. 
74 
 
In the right-hand side of the equation, the external forces are separated in the static 
forces 𝒇𝑠, composed of the weight of each frame and disc element in the rotor subsystem 𝒇𝑠,𝑟 
and the weight of the rings 𝒇𝑠,𝐹𝑅𝐵
𝑇𝑆,𝐶𝑆
; the external exciting forces 𝒇𝑒𝑥𝑡, composed of unbalance 
forces on the discs 𝒇𝑢𝑛𝑏,𝑟 and rings 𝒇𝑢𝑛𝑏,𝐹𝑅𝐵
𝑇𝑆,𝐶𝑆
 and of the resulting axial thrust 𝒇𝑎𝑥; and the 
hydrodynamic bearing forces 𝒇ℎ. The hydrodynamic bearing forces are composed by the 
floating ring bearing forces, whose inner film acts on the rotor 𝒇ℎ,𝑖
𝑇𝑆,𝐶𝑆
 and the difference of outer 
and inner films acts on the floating ring 𝒇ℎ,𝑜
𝑇𝑆,𝐶𝑆
, and of the thrust bearing forces 𝒇ℎ,𝑇𝐵
𝑇𝑆,𝐶𝑆
, whose 
axial force and restoring momenta acts only in the rotor subsystem. 
Clearly, Equation (4.49) is time dependent. Also, it is dependent on the turbocharger 
shaft rotational speed Ω𝑗, not only on the explicit dependence on the gyroscopic matrix Ω𝑗𝑮𝑟, 
but also on the (nonlinear) bearing forces 𝒇ℎ = 𝒇ℎ(Ω𝑗). Because of this bearing nonlinearity 
considered in the equations of motion, nonlinear phenomena may be observed, specially related 
to the sub-harmonic oscillations related to the floating ring bearings and the nonlinear axial 
oscillations of the thrust bearings. This fluid-structure interaction between the hydrodynamic 
bearings and the rotating shaft rotor is schematically shown in Figure 4.8. 
To study the turbocharger nonlinear oscillations, the vibration spectrum is computed 
with the aid of the Fast Fourier Transform (FFT) of the solution in time domain. The time 
domain solution is obtained numerically integrating these equations of motion. The chosen 
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4.2. Time marching scheme (nonlinear Newmark method) 
The equations of motion (4.49) are compactly written as: 
𝑴?̈? + 𝑫?̇? + 𝑲𝒒 = 𝒇(𝑡, 𝒒, ?̇?) (4.51) 
To emphasize the nonlinear characteristic of the resulting equations of motion, the right-hand 
side of the equation is written explicitly as a function of the displacements and velocities (due 
to the hydrodynamic bearing forces). The nonlinear Newmark- scheme is employed to time 
integrate these equations of motion (Peixoto and Cavalca, 2020). The Newmark- scheme 
admits the following expressions for the displacements and velocities (Newmark, 1959): 
?̇?𝑖+1 = ?̇?𝑖 + ((1 − 𝛾)?̈?𝑖 + 𝛾?̈?𝑖+1)Δ𝑡 
𝒒𝑖+1 = 𝒒𝑖 + ?̇?𝑖Δ𝑡 + ((
1
2
− 𝛽) ?̈?𝑖 + 𝛽?̈?𝑖+1)Δ𝑡
2 
(4.52) 
Equilibrium is considered at instant 𝑡 + Δ𝑡: 
𝑴?̈?𝑖+1 +𝑫?̇?𝑖+1 +𝑲𝒒𝑖+1 = 𝒇(𝑡𝑖+1, 𝒒𝑖+1, ?̇?𝑖+1) (4.53) 
Equation (4.53) has unknowns 𝒒𝑖+1, ?̇?𝑖+1 and ?̈?𝑖+1, which must be numerically sought. We 
utilize the Newton-Raphson scheme as an iterative procedure to find the roots of Eq. (4.53). 
Defining the residual vector 𝒓 as: 
𝒓 = 𝒓(𝒒𝑖+1, ?̇?𝑖+1, ?̈?𝑖+1) = 𝒇(𝑡𝑖+1, 𝒒𝑖+1, ?̇?𝑖+1) −𝑴?̈?𝑖+1 −𝑫?̇?𝑖+1 −𝑲𝒒𝑖+1 (4.54) 
The system of nonlinear equations (4.54) reduces to the root-finding problem, noticing that in 
the (dynamical) equilibrium, 𝒓 ≡ 𝟎. Given the expressions (4.52), the residual vector is a 
function of the unknown accelerations ?̈?𝑖+1 and the equations for the Newton iterations are: 
𝒓(?̈?𝑖+1) = 𝒇(𝑡𝑖+1, 𝒒(?̈?𝑖+1), ?̇?(?̈?𝑖+1)) −𝑴?̈?𝑖+1 −𝑫?̇?(?̈?𝑖+1) − 𝑲𝒒(?̈?𝑖+1) (4.55) 
The Newton-Raphson iteration to solve for the acceleration at instant 𝑖 + 1 has the form: 
𝑱Δ?̈?𝑖+1




𝑛  (4.57) 
In Eqs. (4.56) and (4.57), the subscript indices refer to the time step iteration, while the 
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superscript indices refer to the Newton-Raphson iteration. Clearly, updates on the Newton-
Raphson iterative scheme can also be done for displacements instead of acceleration, but during 
the development of the implemented code, numerical difficulties were observed, justifying the 
option to do the root search for the acceleration vector. In the first iteration, the initial guess is 
assumed to be identically zero, ?̈?𝑖+1

















 result from the chain rule of differentiation and represent the 
rate at which the hydrodynamic bearing forces are varying with the displacements and velocities 
and can be understood as the equivalent stiffness and damping coefficients of the bearings 
evaluated at each iteration step (Peixoto and Cavalca, 2020). These derivatives are numerically 
evaluated using second-order accurate central differencing. 
The high computational cost of the implicit time integration scheme is due to the 
Newton-Raphson algorithm, requiring the evaluation of the residual vector and the Jacobian 
matrix, as the costly bearing forces for each oil film are called several times. Even though closed 
form solutions for the floating ring bearings are utilized, the proposed finite volume solution of 
the thrust bearings is computationally expensive. Section 4.3 describes the developed strategy 
to reduce this computational time, using the so-called Database Method. After convergence of 
Newton-Rahpson iterations, the accelerations ?̈?𝑖+1 are known and are used to estimate the 
displacements and velocities at the time instant 𝑖 + 1, with the help of Eqs. (4.56) and (4.57). 
The next time iteration can, then, be evaluated. 
In this work, the preferred choice for the Newmark- parameters are 𝛾 = 0.5 and 𝛽 =
0.25. In linear analysis, the Newmark- method is unconditionally stable when 𝛾 ≥ 0.5 and 
𝛽 ≥ 0.25(𝛾 + 0.5)2. When 𝛾 = 0.5, it is a non-dissipative second-order accurate method and, 
for a given value of 𝛾, setting 𝛽 = 0.25(𝛾 + 0.5)2 provides the least period elongation, 
maximum numerical dissipation and minimum numerical dispersion and greater values of 𝛾 
introduce more numerical damping (Noh and Bathe, 2019). For nonlinear systems, spurious, 
high frequency noises may be developed in the modelling, triggering instability of the 
computation process (Bathe and Noh, 2012). In order to reduce these spurious oscillations, the 
Newmark parameters can be set to 𝛾 = 0.6 and 𝛽 = 0.25(𝛾 + 0.5)2 = 0.3025 to stabilize the 
integration scheme without introducing considerable numerical damping in the system. 
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With respect to the Newton-Raphson iterations, Eqs. (4.56) and (4.57), we notice it 
converges to the zero ?̈?𝑖+1 only for a good initial guess ?̈?𝑖+1
0 . Particularly, the initial guesses of 
velocities and displacements ?̇?𝑖+1
0  and 𝒒𝑖+1
0  may lead to a divergent sequence or an infinite 
cycle. Allen and Isaacson (1998) suggest to half the increment in the iterative process, damping 
out this divergent behaviour. This damped Newton method is assessed in the initial guess of the 
velocities and displacements. The time increment is Δ𝜏 = Δ𝑡/2𝑘 and the initial guess provides 
?̇?𝑖+1
0 = ?̇?𝑖 + ((1 − 𝛾)?̈?𝑖 + 𝛾?̈?𝑖+1
0 ) Δ𝜏 
𝒒𝑖+1
0 = 𝒒𝑖 + ?̇?𝑖Δ𝜏 + ((
1
2
− 𝛽) ?̈?𝑖 + 𝛽?̈?𝑖+1
0 )Δ𝜏2 
(4.59) 
The implemented code counts the number of Newton iterations and, if this number exceeds the 
allowable maximum number of iterations, it increases the halving counter 𝑘 = 𝑘 + 1 and halves 
the time increment Δ𝜏 = Δ𝜏 2⁄ , restarting the Newton-Raphson iterative procedure with the 
new initial velocity and displacement guesses ?̇?𝑖+1
0  and 𝒒𝑖+1
0 . This strategy was verified to 
reduce the total computational time in case of divergent Newton-Raphson sequences. 
The Jacobian matrix is evaluated using second-order accurate finite differences to 
estimate the hydrodynamic force derivatives with respect to the bearing displacements and 














𝑛 + ℎ𝒆𝑗 , ?̇?
𝑛) − 𝒇ℎ𝑖(𝒒










𝑛, ?̇?𝑛 + ℎ̇𝒆𝑗) − 𝒇ℎ𝑖(𝒒
𝑛, ?̇?𝑛 − ℎ̇𝒆𝑗)
2ℎ̇
 (4.60) 
wherein 𝒆𝑗 denotes the jth unit basis vector (a vector whose entries are all identically 0, except 
for the jth, which is 1). The perturbations ℎ and ℎ̇ on the displacements and velocities are 
evaluated on each iteration, as a small percentage of the current value, ℎ = 𝜖𝒒[𝑗] and ℎ̇ = 𝜖?̇?[𝑗]. 
Qiu and Tieu (1996) investigated the effect of a finite perturbation on estimating these bearing 
force derivatives. For radial bearings, perturbations smaller than 0.02𝐶𝑟 and 0.02Ω𝐶𝑟 are 
sufficient to accurately estimate these derivatives, which let us compare in real time the actual 
increment values ℎ, ℎ̇ with its maximum allowable values. For thrust bearings, we assume the 
limits have the same form of the radial bearings, setting it to 0.02ℎ0 and 0.02Ωℎ0. 
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With the aforementioned observations, Algorithm 4.1 illustrates the Newmark- 
integration scheme, wherein the Newton-Raphson (Algorithm 4.2) is inserted. 
Algorithm 4.1: Newmark- integration scheme 
Given the equations of motion of the turbocharger supported by floating ring and thrust bearings, this 
algorithm utilizes the Newmark- method to time integrate these equations of motion, given the initial 
displacements and velocities and the external forces acting on the turbocharger rotor . 
INPUT: Time array 𝑡[𝑖], initial conditions 𝒒0 and ?̇?0 and Newmark parameters 𝛽 and 𝛾 
OUTPUT: Vector of displacemets 𝒒𝑖, velocities ?̇?𝑖 and accelerations ?̈?𝑖, for each time instant 𝑡𝑖. 
1. Estimate initial acceleration ?̈?0 = 𝑴
−1(𝒇(𝑡0, 𝒒0, ?̇?0) − 𝑫?̇?0 −𝑲𝒒0) 
2. Set nt=length(t) 
3. For each time step i=1:nt-1, repeat steps 3.1 to 3.5 
3.1. Set Δ𝑡 = 𝑡𝑖+1 − 𝑡𝑖 
3.2. Solve for acceleration ?̈?𝑖+1 at instant 𝑡 + Δ𝑡 (Newton-Raphson, Algorithm 4.2) 
3.3. Estimate velocity at 𝑡 + Δ𝑡: ?̇?𝑖+1 = ?̇?𝑖 + ((1 − 𝛾)?̈?𝑖 + 𝛾?̈?𝑖+1)Δ𝑡 
3.4. Estimate displacement at 𝑡 + Δ𝑡: 𝒒𝑖+1 = 𝒒𝑖 + (?̇?𝑖 + ((
1
2
− 𝛽) ?̈?𝑖 + 𝛽?̈?𝑖+1)Δ𝑡) Δt 
3.5. Check if last time step 
3.5.1. If i=nt-1, output displacement, velocity and acceleration vectors 
3.5.2. Else, go back to 3.1 
Displacement at time instant 𝑡 + Δ𝑡 is implemented as shown in Step 3.4, which avoids 
one multiplication per iteration, which slightly improves the computational time. 
Algorithm 4.2: Newton-Raphson scheme to estimate acceleration (inverse problem) 
Given the nonlinear system of equations defined by the residual vector 𝒓, this algorithm solves for the 
acceleration at time instant 𝑡 + Δ𝑡 by means of Newton-Raphson iterations. 
INPUT: Initial estimate ?̈?0, known displacement 𝒒𝑖, velocity ?̇?𝑖 and acceleration ?̈?𝑖 vectors at time 
instant 𝑡𝑖, Newmark parameters 𝛽 and 𝛾, time step Δ𝑡, desired tolerances of residual vector 
𝜖𝑟 and stepsize 𝜖𝑞 and maximum allowable number of iterations 𝑀𝐴𝑋𝐼𝑇𝐸𝑅  
OUTPUT: converged acceleration vector ?̈?𝑖+1 at time instant 𝑡 + Δ𝑡 
1. Set halving counter 𝑘 = 0 
2. Set Δ𝜏 = Δ𝑡 2𝑘⁄  
3. Set iteration counter 𝑛 = 1 
4. Estimate velocity ?̇?𝑛 = ?̇?𝑖 + ((1 − 𝛾)?̈?𝑖 + 𝛾?̈?𝑛)Δ𝜏 
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5. Estimate displacement 𝒒𝑛 = 𝒒𝑖 + (?̇?𝑖 + ((1 2⁄ − 𝛽)?̈?𝑖 + 𝛽?̈?
𝑛)Δ𝜏)Δ𝜏 
6. Estimate bearing forces 𝒇ℎ
𝑛 = 𝒇ℎ(𝒒
𝑛, ?̇?𝑛) 
7. Estimate residual 𝒓𝑛 = 𝒇𝑠 + 𝒇𝑒𝑥𝑡(𝑡𝑖 + Δ𝑡) + 𝒇ℎ
𝑛 −𝑴?̈?𝑛 −𝑫?̇?𝑛 −𝑲𝒒𝑛 
8. Estimate Jacobian matrix 𝑱 = Δ𝜏 (𝛽Δ𝜏 (
𝜕𝒇ℎ
𝜕𝒒𝑛




9. Calculate increment 𝑱Δ?̈?𝑛 = −𝒓𝑛 (solve linear system) 
10. Correct acceleration ?̈?𝑛+1 = ?̈?𝑛 + Δ?̈?𝑛 
11. Check convergence on root search: 
11.1. If ‖𝒓𝑛‖ < 𝜖𝑟 and ‖Δ?̈?
𝑛‖ < 𝜖𝑞, output ?̈?𝑖+1 = ?̈?
𝑛+1 
11.2. Else,  
11.2.1. If 𝑛 ≤ 𝑀𝐴𝑋𝐼𝑇𝐸𝑅, go back to 4 
11.2.2. Else, set 𝑘 = 𝑘 + 1 and go back to 2 
It remains to be investigated whether other integration scheme can automatically deal 
with the spurious, high frequency noise that may appear with the trapezoidal rule (the 
Newmark- method with parameters 𝛾 = 0.5 and 𝛽 = 0.25). Some proposed schemes have 
algorithmic damping to annihilate high frequency components, such as the HHT -method, 
whose parameter 𝛼 modulates numerical damping (Hilber et al., 1977), the DFTI method, that 
eliminates high frequency noise by using digital filter techniques in the integration process 
(Honda and Sawada, 2000), and the ∞-Bathe method, a composite scheme, composed of a 
Newmark- and 3-point backward Euler schemes (Noh and Bathe, 2019). Such techniques may 
increase the robustness of the time integrator, but were not investigated in the current work. 
Common to all mentioned integrating schemes is the necessity to solve for the roots of 
the nonlinear system of (dynamic) equations, which was done with Newton-Raphson iterations. 
Newton and quasi-Newton methods have the advantage they converge fast (as in just a few 
number of iterations). However, given the high nonlinear characteristics of the turbocharger 
bearings, evaluation of the Jacobian matrix as derivatives of the hydrodynamic bearing forces 
is extremely cost and, in the current work, this has been identified as the bottleneck of the whole 
code. Some strategies to improve this evaluation can be sought in order to reduce the total 
computational time of a turbocharger time transient nonlinear analysis. The Broyden method 
(Broyden, 1965) avoids the evaluation of the Jacobian matrix at each new iteration, updating 
the previous known Jacobian matrix. However, due to the high nonlinearity of the dynamical 
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system, this update does not adequately capture the changes in the nonlinear bearing functions. 
For some test cases, the Broyden method ended up diverging, when the equivalent Newton 
iteration converged and, for the cases where the Broyden method converged, it took about 5 to 
10 times more iterations than the Newton scheme and the time step was reduced. The Broyden 
method, therefore, is not recommended to use in integrating the turbocharger equations of 
motion. Li et al. (2017) and Liang et al. (2017) mention the use of parallel computing to evaluate 
the elements of the Jacobian matrix independently, which overall may reduce the total 
computational cost, provided multi-core processors are available to use. Fixed-point iterations 
have slower convergence rates than Newton methods (Burden et al., 2015), but, as the expensive 
functions (the bearing forces) are evaluated only once at the beginning of each fixed-point 
iteration, with a good initial guess and a proper relaxation, fixed-point iterations can speed up 
the computing of the nonlinear root, as the extremely cost Jacobian matrix is not evaluated on 
every iteration. Jacobian-free methods, such as Jacobian-free Newton methods (Yusuf et al., 
2010) and the Jacobian-free Newton-Krylov methods (Knoll and Keyes, 2004; Hales et al., 
2012), may reduce the total computational cost, as the Jacobian matrix is not explicitly formed 
and stored. To circumvent the problem of poor initial guess, Steepest Descent methods can also 
be investigated (Ortega and Rheinboldt, 2000). If the Jacobian matrix will be evaluated, by 
means of finite difference approximations, complex-step derivative approximation (Lyness and 
Moler, 1967; Martins et al., 2003) may be investigated in order to avoid round-off error, 
numerical instability or loss of precision inherent to traditional finite differences. 
4.3. The Database Method 
The most time consuming task in the integration of the resulting turbocharger 
equations of motion is the evaluation of the thrust bearing forces and its derivatives with respect 
to the thrust collar displacements and velocities. To reduce the total computing time of a time 
transient analysis, the Database Method is employed to estimate the thrust bearing load. 
Chasalevris and Louis (2019) details the method, exalting its fast evaluation time against the 
alternative of actually solving the Reynolds equation at each time instant. Novotný et al. (2018, 
2019) uses the method to do time transient analyses of turbocharger dynamics, noticing its 
extremely low time consumption. 
Essentially, the Database Method consists in developing a lookup table (the database) 
for the bearing forces and momenta as function of the input variables and, once the bearing 
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loads are required, it is interpolated in this database. Given the thrust collar can be axially 
displaced and rotate around the 𝑌 and 𝑍 axes, the thrust bearing load and restoring moments 
depend on these displacements and corresponding velocities. Also, because thermal effects are 
considered in the thrust bearing modelling, three other independent parameters (the Péclet, 
Eckert and Reynolds numbers) must be defined to create the database. However, in the 
simulations, the fixed-geometry thrust bearing has constant geometrical parameters and the 
lubricating oil is well-defined, as it was experimentally characterized. Given a rotational speed 
and an inlet oil temperature, this fully characterizes the oil flow in the thrust bearings, which 
allows the description of the axial bearing forces and moments as function of eight variables: 
𝐹𝑥, 𝑀𝑦, 𝑀𝑧 = 𝑓1,2,3(𝑇𝑖𝑛, Ω, ℎ0, 𝜙𝑦, 𝜙𝑧 , ℎ̇0, ?̇?𝑦, ?̇?𝑧) (4.61) 
Discretizing the eight variables and calculating the bearing axial forces and moments 
as function of these eight input parameters, a 8D grid is created (the database), which can be 
subsequently utilized in further evaluations of the bearing loads. Creation of this Database is 
very time consuming, however, and we admit the bearing loads can be linearized with respect 














wherein the equivalent damping coefficients are evaluated at the equilibrium position 
(ℎ0, 𝜙𝑦, 𝜙𝑧), whose operational parameters are thrust collar rotational speed Ω and oil inlet 
temperature 𝑇𝑖𝑛. This reduces the 8D lookup table to a 5D table, which is faster to evaluate. The 
thrust bearing damping coefficients are added to the global damping matrix of the turbocharger, 
while the nonlinear axial forces and moments are interpolated in the 5D table, as function of 
the oil inlet temperature, shaft rotational speed and thrust collar displacements. This 
interpolation saves a tremendous amount of computing time, being its evaluation nearly as fast 
as analytic expressions of bearing hydrodynamic forces. Nonetheless, the method requires an 
initial evaluation of the lookup table, being the most time consuming step in its implementation. 
In this work, computation of the lookup table took about two weeks. This initial high cost of 
pre-calculating the lookup table can be reduced. The in situ adaptative tabulation calculates the 
database during the course of the simulation (Cunha Jr and Figueira da Silva, 2014), evaluating 
the bearing forces only for the required input parameters, instead of generating a static table. 
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5. Hydrodynamic lubrication 
This chapter presents the theoretical background on hydrodynamic lubrication, applied 
for floating ring and thrust bearings, to evaluate the bearings loads and moments. It presents the 
governing equations for each type of bearing, with the main hypothesis and strategies to solve 
each equation. The main assumptions admitted for lubrication theory, for both bearings, are: 
 Flow is laminar; 
 Operation is in thermo-hydrodynamic steady state; 
 No slip occurs at the fluid-solid interfaces; 
 In the fluid momentum equations, inertia and body forces are negligible in 
comparison with viscous and pressure terms; 
 Lubricant is a Newtonian fluid; 
 Lubricant is incompressible; 
 Lubricant thermal conductivity and specific heat are constant; 
 Viscosity is a function of temperature only; 
 Due to the film thin thickness, the velocity gradients across the fluid film are much 
more important than all other velocity gradients. 
5.1. Lubricant properties relations 
One of the most important thermophysical properties of a fluid system for lubrication 
is the viscosity. When Fogg (1946) first observed the load-carrying capacity of a Rayleigh step 
thrust bearing, contradicting the expected theoretical results, he wrongly conjectured it was due 
to a change of the fluid density. Later on, the viscosity was identified as the most important 
fluid parameter in lubrication theory. Oil viscosity changes with shear rate, temperature, 
pressure, moisture and concentration of additives. All these dependencies can be modelled 
using different types of equations (Stanciu, 2012). The pressure peaks in the simulations do not 
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exceed about a few MPa, so the influence of pressure on fluid viscosity is negligible, as 
observed by Bair et al. (2001), Bair and Kottke (2003), Renardy (2003), Kalogirou et al. (2011) 
and Housiadas (2015). Remy et al. (2016) investigated the effect of shear rate, temperature and 
additive concentration on the oil viscosity in turbocharger thrust bearings. Polymeric chain 
additives can be added to mineral oils to improve its Viscosity Index and these polymeric chains 
may induce elastic effects within the lubricant. Remy et al. (2016) noticed in their simulations 
that “the concentration of polymer does not have any influence on the axial load capacity, even 
at higher relaxation times”. The shear-thinning effect was also addressed as “only the polymeric 
part of the lubricant should be subjected to shear-thinning while the temperature should mainly 
affect the solvent part”. It is safe to assume that elastic effects due to polymer concentration can 
be neglected in the simulations. Consequently, because shear-thinning affects only the 
polymeric part of the lubricant, this effect can also be disregarded. Therefore, in this work, only 
the dependency of viscosity with temperature is considered, as other dependencies can be 
neglected in a typical lubricated turbocharger bearing. 
5.1.1. Temperature-viscosity relation 
 
Figure 5.1 – Viscosity variation with temperature for (a) ISO Grade Oils and (b) SAE 
Multigrade Oils 
Viscosity of fluids largely depends on temperature, decreasing with it. The viscosity 
drop with the temperature is higher at low temperatures and smaller at high temperatures (Frêne 
et al., 1997). Figure 5.1 illustrates the dependence of different oil viscosities with temperature. 
The temperature-viscosity variations shown is fitted assuming a Reynolds model, from  the 
viscosity values provided at 40 °C and 100 °C by the Engineering ToolBox (2008). 
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Temperature is the most influential parameter for the viscosity change of oil and 
several relationships have been proposed to model the viscosity-temperature dependence. 
Knežević and Savić (2006) present some of the most commonly used equations, in Table 5.1. 
They claim Vogel equation is the most accurate one, but it requires three viscosity 
measurements at different temperatures to determine its coefficients. Sánchez-Rubio et al. 
(2006) complements the Knežević and Savić table with the relations of Table 5.2. The proposed 
Eyring equation is just an alternative form of the two-parameter Andrade equation (Andrade, 
1930). The Vogel equation is an alternative form of the three-parameter Perry equation (Perry 
and Green, 1984), who introduced a third constant on Andrade equation for more accuracy. 
Frêne et al. (1997) suggests some empirical correlations, shown in Table 5.3. Noureddini et al. 
(1992) proposes two general forms of the Andrade and Perry equations, shown in Table 5.4. 
Vieira (2014), Peixoto et al. (2019) and Peixoto and Cavalca (2019, 2020) utilize the three 
parameter Petroff equation to model the viscosity-temperature equation. This model can be 
extended to more general correlations, as illustrated in Table 5.5. 
Table 5.1 – Commonly used viscosity-temperature equations (Knežević and Savić, 2006) 
Name Equation Comments 
Reynolds 𝜇 = 𝑏𝑒−𝑎𝑇 
Early equation; accurate for a very limited temperature 
range 
Slotte 𝜇 = 𝑎 (𝑏 + 𝑇)𝑐⁄  Reasonable; useful in numerical analysis 
Walther (𝜈 + 𝑎) = 𝑏𝑑𝑇
−𝑐
 Forms the basis of the ASTM viscosity-temperature chart 
Vogel 𝜇 = 𝑎𝑒𝑏 (𝑇−𝑐)⁄  Most accurate; useful in engineering calculations 
Table 5.2 – Viscosity-temperature equations (Sánchez-Rubio et al., 2006) 
Name Equation Comments 
Sun log 𝜇 = 𝑎 + 𝑏 𝑇⁄ + 𝐶𝑇 + 𝐷𝑇2 
A system of 4 equations and 4 unknowns 
has to be solved 
Vasquez 𝜇 = 𝑎𝑒𝐵 𝑇
𝑐⁄  Useful for petroleum products 
Eyring 𝜇 = 𝑎𝑒𝑏 𝑇⁄  Gives good correlation 
Table 5.3 – Viscosity-temperature equations (Frêne et al., 1997) 
Name Equation 
Groff 𝜇 = 𝑑𝑒−(𝑎+𝑏𝑇+𝑐𝑇
2) 𝑇⁄  
Barr [log10(𝜈 + 0.8)]
0.3 = 𝑎 + 𝑏 𝑇⁄  
Hugel and Clairbois log10(𝜇 + 𝑎)(𝑇 + 𝑏) = 𝑐 
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Table 5.4 – Viscosity-temperature equations (Noureddini et al., 1992) 
Name Equation Comments 




One of the simplest two-parameter 
correlation 




Three-parameter correlation for 
more accuracy; Vogel equation 
alternate form 










First general form of viscosity-
temperature correlation 
Noureddini et al. 








Second general form of viscosity-
temperature correlation 
Table 5.5 – Viscosity-temperature equations 
Name Equation 
Three-parameter Petroff 𝜇 =
𝑎
1 + 𝑏𝑇 + 𝑐𝑇2
 
Four-parameter Petroff 𝜇 =
𝑎
𝑏 + 𝑐𝑇 + 𝑑𝑇2
 
General form Petroff 𝜇 =
𝑎
𝑏0 + 𝑏1𝑇 + 𝑏2𝑇2 + 𝑏3𝑇3 +⋯
 
In Tables 5.1-5.5, 𝜇 and 𝜈 are the dynamic and kinematic viscosities, respectively, 𝑇 
is the temperature and the constants 𝑎, 𝑏, 𝑐, 𝑑 are characteristic constants of the lubricant. The 
relation between the dynamic viscosity 𝜇 and the kinematic viscosity 𝜈 is given by: 
𝜇 = 𝜌𝜈 (5.1) 
wherein 𝜌 is the lubricant density. In SI units, the dynamic viscosity is expressed in Pa.s and 
the kinematic viscosity is expressed in m2/s. 
Independent of the actual model utilized to correlate the oil viscosity with temperature, 
to obtain the oil parameters on each equation, one has to know the oil viscosity in a few different 
temperatures to fit these parameters to the known viscosity values. In this work, the oil dynamic 
viscosity was measured as a function of the temperature, as shown in Figure 5.2. Any of the 
presented viscosity-temperature correlations can be utilized to fit these measured data. In 
turbocharger bearings, most works consider the isothermal Reynolds equation to model 
pressure distribution in the lubricant. While some works provide directly the constant viscosity 
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value utilized in the simulations (Schweizer, 2009a, 2009b; Tian et al., 2011, 2012, 2013), other 
works estimate the viscosity for a given constant inlet temperature, using the Reynolds model 
(Chatzisavvas et al., 2016) or the Vogel model (Novotný et al., 2018, 2019). The works 
considering thermal effects in turbocharger bearings use the Reynolds model (Kim and 
Palazzolo, 2017), the Vogel model (Li et al., 2017; Liang et al., 2017; Woschke et al., 2017; 
Charitopoulos et al., 2018b) and the Petroff model (Peixoto and Cavalca, 2019, 2020). Given 
the admittedly accuracy of the Vogel equation, this seems to be the preferred choice for most 
authors. To choose the most suitable model for the measured data, a least squares fit of the data 
for the Reynolds, Vogel and Petroff model was accomplished. The Slotte model is also fitted 
to the data, as Knežević and Savić (2006) claim this is a reasonable model, useful in numerical 
analysis. Figure 5.2 presents the fitted models in comparison to the measured data. 
 
Figure 5.2 – Least squares fit of viscosity-temperature relation, for different models  
The simulations and experiments admitted a hot inlet temperature, greater than 80 °C. 
Figure 5.2 also presents a zoom in this range to show the differences between each model. To 
choose which one is best, the least squares residual 𝑟, Equation (5.2), is calculated as the 
squared difference of the measured viscosity 𝜇𝑖 and the fitted viscosity 𝜇(𝑇𝑖). The residual for 
each model is shown in Table 5.6. The smallest residual is for the Vogel model. The Petroff 
and Slotte model present similar residuals and it can be seen the Reynolds model is not accurate 
enough to model this lubricant oil, due to the high temperature range. Because the Vogel model 
has the smallest residual, this is the viscosity-temperature relation admitted in this work. 
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Table 5.6 – Least squares residuals of viscosity-temperature fit 





The viscosity-temperature relation fitted from the experimental data is presented in 
Equation (5.3), with the parameters 𝑎 = 1.1119 ⋅ 10−3 Pa.s, 𝑏 = 91.835 °C and 𝑐 =
39.390 °C. Temperature is in °C. 




5.2. Fully-floating ring bearing 
 
Figure 5.3 – Fully-floating ring bearing cross-sectional view, with its main variables 
A fully-floating ring bearing is schematically shown in Figure 5.3. The floating ring 
divides the bearing radial clearance in two, acting as a mass pedestal between both oil films. 
Each film acts as a radial bearing, so the two films work in series with the floating mass in-
between them. The radial bearing theory is applied twice, one for each film, with proper 
boundary conditions and the inclusion of the ring equations of motion. The Reynolds equation, 














































































wherein, 𝑅𝑗 and 𝑅𝑟𝑜 are the journal and outer ring radii, Ω𝑗 and Ω𝑟 are the journal and ring 
rotational speeds, ℎ is the film thickness and 𝜇 is the fluid viscosity. The pressure 𝑝 is a function 
of 𝜃 and 𝑥, the circumferential and axial coordinates, respectively. The film thickness also 
changes with time 𝑡. The subscripts 𝑖, 𝑜 refers, respectively, to the inner and outer films. 
We develop the equations in the Cartesian coordinate systems, to simplify the force 
components description in a time transient analysis. The oil film thicknesses ℎ𝑖,𝑜 are: 
ℎ𝑖(𝜃𝑖 , 𝑡) = 𝐶𝑖 − 𝑦𝑗 cos 𝜃𝑖 − 𝑧𝑗 sin 𝜃𝑖 , ℎ𝑜(𝜃𝑜 , 𝑡) = 𝐶𝑜 − 𝑌𝑟 cos 𝜃𝑜 − 𝑍𝑟 sin 𝜃𝑜 (5.5) 
wherein 𝐶𝑖,𝑜 is the inner/outer bearing radial clearance. The outer film acts exactly as a radial 
bearing, while the inner film acts as a radial bearing of the journal with respect to the ring. As 
a result, the lowercase letters 𝑦, 𝑧 denote relative displacements, while uppercase letters 𝑌, 𝑍 
denote journal/ring centre displacements relative to the 𝑌𝑍 inertial frame: 
𝑦𝑗 = 𝑌𝑗 − 𝑌𝑟 , 𝑧𝑗 = 𝑍𝑗 − 𝑍𝑟 (5.6) 
The squeeze terms 𝜕ℎ𝑖,𝑜 𝜕𝑡⁄  are simply the time derivative of Equation (5.5), 
𝜕ℎ𝑖
𝜕𝑡
= −?̇?𝑗 cos 𝜃𝑖 − ?̇?𝑗 sin 𝜃𝑖 ,
𝜕ℎ𝑜
𝜕𝑡
= −?̇?𝑟 cos 𝜃𝑜 − ?̇?𝑟 sin 𝜃𝑜 (5.7) 
and the relative velocities are 
?̇?𝑗 = ?̇?𝑗 − ?̇?𝑟 , ?̇?𝑗 = ?̇?𝑗 − ?̇?𝑟 (5.8) 
Two different floating ring bearings are used in this work. The bearing at turbine side 
have length-to-diameter ratios (𝐿 𝐷⁄ ) of 0.548 and 0.565, for the inner film and outer film, 
respectively, while the bearing at compressor side have 𝐿 𝐷⁄  ratios of 0.549 and 0.565, for the 
inner and outer films. Therefore, it is reasonable to assume these bearings can be modelled as 





































Because each film acts exactly as a short bearing, pressure can be analytically obtained 
solving the above differential equations. The Capone model is suited to obtain the forces 
directly in the horizontal and vertical directions, in the inertial reference system, instead of 
obtaining the forces in the radial and tangential directions (the local reference frame system) 
and further decomposing these forces in the inertial coordinate system. The analytical solution 
for finite bearings, presented by Chasalevris and Sfyris (2013), can also be employed. 
Evaluation, however, of the bearing forces (integral of pressure), lubricant flowrate (integral of 
pressure derivative) and dissipated power (integral of the pressure derivative squared) requires 
a numerical implementation, as the pressure field solution is given in the form of an infinite 
series, increasing the computational complexitiy and evaluation time. Chasalevris and Sfyris 
(2013) compared their analytical solution to the short bearing solution, noticing an excellent 
agreement between them for bearings with a length-to-diameter ratio close to 0.5. 
Each film force in the 𝑌 and 𝑍 direction is obtained integrating the pressure field on 
the active zone of the lubricant over the bearing area. The dimensionless parameters for the 









6𝜇𝑖(Ω𝑗 + Ω𝑟)(𝑅𝑗 𝐶𝑖⁄ )









































Under the boundary conditions ?̅?(?̅?𝑖,𝑜 = ±1 2⁄ , ?̅?𝑖,𝑜) = 0, the dimensionless pressure 












′) sin ?̅?𝑖 − (𝑧?̅? + 2?̅?𝑗
′) cos ?̅?𝑖













′) sin ?̅?𝑜 − (𝑧?̅? + 2?̅?𝑟
′) cos ?̅?𝑜



















3?̅?𝑗𝑉𝑖 − sin𝛼𝑖 𝐺𝑖 − 2 cos 𝛼𝑖 𝑆𝑖






√(𝑧?̅? + 2?̅?𝑟′)2 + (?̅?𝑟 − 2𝑧?̅?′)2
1 − ?̅?𝑟2 − 𝑧?̅?2
{
3?̅?𝑟𝑉𝑜 − sin𝛼𝑜 𝐺𝑜 − 2 cos 𝛼𝑜 𝑆𝑜
3?̅?𝑟𝑉𝑜 + cos 𝛼𝑜 𝐺𝑜 − 2 sin 𝛼𝑜 𝑆𝑜
} 
(5.12) 
wherein the auxiliary functions are: 
𝐺𝑖,𝑜 = 𝐺(?̅?𝑗,𝑟 , 𝑧?̅?,𝑟 , 𝛼𝑖,𝑜), 𝑉𝑖,𝑜 = 𝑉(?̅?𝑗,𝑟 , 𝑧?̅?,𝑟 , 𝛼𝑖,𝑜), 𝑆𝑖,𝑜 = 𝑆(?̅?𝑗,𝑟 , 𝑧?̅?,𝑟 , 𝛼𝑖,𝑜) (5.13) 
















′ ) (5.14) 
In the Capone model, pressure is assumed to be positive in the range 𝛼𝑖,𝑜 ≤ 𝜃 ≤ 𝛼𝑖,𝑜 + 𝜋 and 
identically zero outside this interval (Gümbel model). The auxiliary functions 𝐺, 𝑉 and 𝑆 are: 
𝐺(?̅?, 𝑧̅, 𝛼) =
2





𝑧̅ cos 𝛼 − ?̅? sin 𝛼
√1 − ?̅?2 − 𝑧̅2
) 
𝑉(?̅?, 𝑧̅, 𝛼) =
2 + (𝑧̅ cos 𝛼 − ?̅? sin 𝛼)𝐺(?̅?, 𝑧̅, 𝛼)
1 − ?̅?2 − 𝑧̅2
 
𝑆(?̅?, 𝑧̅, 𝛼) =
?̅? cos 𝛼 + 𝑧̅ sin 𝛼
1 − (?̅? cos 𝛼 + 𝑧̅ sin 𝛼)2
 
(5.15) 




































5.2.1. Equations of motion for the ring 
The equations of motion for both floating rings are (San Andrés and Kerth, 2004; Tian 
et al., 2011; Peixoto and Cavalca, 2020): 
𝑚𝑟?̈?𝑟 = 𝐹𝑜𝑦 − 𝐹𝑖𝑦 (5.17) 
𝑚𝑟?̈?𝑟 = 𝐹𝑜𝑧 − 𝐹𝑖𝑧 −𝑚𝑟𝑔 (5.18) 
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𝐼𝑟Ω̇𝑟 = 𝜏𝑖 − 𝜏𝑜 (5.19) 
Equations (5.17) and (5.18) describe the force balance in the ring in the horizontal and vertical 
directions, respectively. The weight of the ring is accounted for in the vertical forces balance, 
even though it is small and has been previously neglected by some authors such as Li and Rohde 
(1981) and Li (1982). Equation (5.19) describes the moment balance in the ring, which 
ultimately renders the ring speed, a critical parameter in determining the operational parameters 
of a rotating floating ring bearing. 
The friction torques of the inner and outer films are (San Andrés and Kerth, 2004; Tian 
et al., 2011; Peixoto and Cavalca, 2020): 




















































wherein the dimensionless eccentricities are 𝑖,𝑜
2 = ?̅?𝑗,𝑟
2 + 𝑧?̅?,𝑟
2 . Derivation of these expressions 
is found on Appendix A. 
5.2.2. Thermal effects in floating ring bearings 
The short bearing model of the floating ring bearing considers a constant viscosity 𝜇𝑖,𝑜 
in the inner/outer oil film. This classical, isothermal model predicts the bearing operational 
performance admitting a uniform and constant viscosity throughout the whole film. This means 
the pressure distribution and, consequently, the bearing supported loads, are function of the oil 
viscosity. As viscosity may vary with temperature, the classical isoviscous lubrication theory 
may only be applied when temperature increase across the oil film is negligible. 
However, in many applications, the temperature rise across the bearing pad, even 
though not negligible, remains small. In these cases, classical lubrication theory may still be 
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used, considering an effective viscosity, compatible with the average temperature rise in the 
bearing (Frêne et al., 1997; Szeri, 2011). A lumped-parameter thermal model may be utilized 
to estimate the average temperature rise in each film in a floating ring bearing (San Andrés and 
Kerth, 2004). The first law of thermodynamics establishes the quasi-steady state equations: 
𝑐𝑝𝑄𝑖Δ𝑇𝑖 + 𝐴𝑟𝑖𝐻𝑟𝑖(Δ𝑇𝑖 − Δ𝑇𝑟) + 𝐴𝑗𝐻𝑗(Δ𝑇𝑖 − Δ𝑇𝑗) = 𝓅𝑖 (5.21) 
𝐴𝑟𝑖𝐻𝑟𝑖(Δ𝑇𝑖 − Δ𝑇𝑟) = 𝐴𝑟𝑜𝐻𝑟𝑜(Δ𝑇𝑟 − Δ𝑇𝑜) (5.22) 
𝑐𝑝𝑄𝑜Δ𝑇𝑜 + 𝐴𝑟𝑜𝐻𝑟𝑜(Δ𝑇𝑜 − Δ𝑇𝑜) + 𝐴𝑏𝐻𝑏(Δ𝑇𝑜 − Δ𝑇𝑏) = 𝓅𝑜 (5.23) 
representing a thermal energy balance in the inner film, ring and outer film, respectively.  
Equation (5.21) is a global energy balance in the inner oil film. The dissipated power due to 
fluid shear generated in the inner oil film 𝓅𝑖 converts into heat flow. A portion of this generated 
heat is convected away by the lubricant flowrate 𝑄𝑖 and a portion is conducted from the inner 
film to the floating ring inside surface and from the inner film into the journal. The convective 
heat transfer coefficients 𝐻𝑟𝑖 and 𝐻𝑗 account for the convection from the inner film to the 
bounding solids. Equation (5.22) is a thermal heat balance in the floating ring. The ring 
exchanges heat with the inner and outer films by convection. Equation (5.23) is a global energy 
balance in the outer film, analogous to the inner film. The dissipated power 𝓅𝑜 is convected 
away by the lubricant flowrate 𝑄𝑜 and conducted into the ring outer surface and the bearing 
case. Temperature differentials are relative to the supply (inlet) temperature, i.e., Δ𝑇 = 𝑇 − 𝑇𝑠. 
These set of equations represent the global energy balance in each floating ring 
bearing. Following the investigations of Ezzat and Rohde (1974), thermal transients are 
neglected, so terms of the form 𝜕𝑇 𝜕𝑡⁄  are assumed to be null and are not accounted for in the 
heat balance. This simplifies the thermal analysis to some extent, even in transient analysis, as 
the oil films can be considered at quasi-steady state at every time instant, which justifies San 
Andrés and Kerth (2004) lumped-parameter thermal modelling of the floating ring bearings. 
The power dissipated due to fluid shear in the inner and outer films are: 


























































With the dimensionless parameters defined in Equation (5.10), it is possible to also define a 













The dimensionless powers are: 























































Under the short bearing hypothesis, the circumferential pressure gradient is neglected 
(𝜕𝑝 𝜕𝜃⁄ = 0). Also, the axial pressure gradient is considered only in the active zone of the 
lubricant, 𝛼 < 𝜃 < 𝛼 + 𝜋, as the pressure solution is valid only for this part (Gümbel boundary 

























































Deriving the pressure equation and substituting in the integral, the final analytical expression 








4 [(?̅?𝑗 − 2𝑧?̅?
′)
2
𝐼2(?̅?𝑗 , 𝑧?̅? , 𝛼𝑖) − 2(?̅?𝑗 − 2𝑧?̅?
′)(𝑧?̅? + 2?̅?𝑗
′)𝐼3(?̅?𝑗 , 𝑧?̅? , 𝛼𝑖)
+ (𝑧?̅? + 2?̅?𝑗
′)
2
















′)2𝐼2(?̅?𝑟, 𝑧?̅? , 𝛼𝑜) − 2(?̅?𝑟 − 2𝑧?̅?
′)(𝑧?̅? + 2?̅?𝑟
′)𝐼3(?̅?𝑟, 𝑧?̅? , 𝛼𝑜)
+ (𝑧?̅? + 2?̅?𝑟










The integrals 𝐼1, 𝐼2 and 𝐼3 are the derivatives of the function 𝐺(?̅?, 𝑧̅, 𝛼) (Capone, 1986, 1991). 
𝐺 = 𝐺(?̅?, 𝑧̅, 𝛼) = ∫
𝑑?̅?
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For completeness, the lubricant flowrates in Equations (5.21) and (5.23) are: 






















and can be analytically evaluated from the pressure distribution in the range 𝛼 < 𝜃 < 𝛼 + 𝜋: 
















′) cos 𝛼𝑖 + (𝑧?̅? + 2?̅?𝑗
′) sin 𝛼𝑖] 

















′) cos𝛼𝑜 + (𝑧?̅? + 2?̅?𝑟
′) sin𝛼𝑟] 
(5.33) 
The convection coefficient 𝐻 in Eqs. (5.21)-(5.23) depends on the Prandtl number, 
𝑃𝑟 = 𝑐𝑝𝜇 𝜅⁄ , and the flow conditions, defined by the Reynolds number, 𝑅𝑒 = 𝜌Ω𝑅𝐶 𝜇⁄ . For a 
laminar flow, the convection coefficient is (San Andrés and Kerth, 2004): 
𝐻 = 3𝑃𝑟
1
3(𝜅 𝐶⁄ ) (5.34) 
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Finally, the ‘wet’ area of heat transfer is approximately 𝐴 ≅ 𝜋𝐷𝐿. It is also assumed, for 
simplicity, that the temperature increases in the journal and bearing housing are Δ𝑇𝑗 ≈ Δ𝑇𝑖 and 
Δ𝑇𝑏 ≈ Δ𝑇𝑜 (San Andrés and Kerth, 2004). 
Equation (5.34) is valid for laminar flows. This is a reasonable assumption. 
Considering the extreme case of the turbo rotating at 300 krpm and a high rotational speed of 
the ring, such as 50% of the shaft speed (never achieved in any simulation performed), the inner 
film effective velocity is Ω𝑗 + Ω𝑟 = 1.5Ω𝑗 and the outer film effective velocity is Ω𝑟 = 0.5Ω𝑗. 
For the densities and viscosities of the lubricant oil utilized in this work, the Reynolds number 
for the turbine side inner and outer oil films are, respectively, 377 and 502, while for the 
compressor side inner and outer films, they are, respectively, 259 and 563. The Reynolds 
equation applied for cylindrical bearing neglects the film curvature in deriving an expression 
for the oil film shape, so the flow in the radial bearings resemble a flow between quasi-parallel 
plates. A flow between parallel plates is laminar for a Reynolds number below 1400 (Panton, 
2013), so the laminar hypothesis is reasonable and the presented equations can be utilized. 
The calculation of the bearing forces with an effective temperature is an iterative 
procedure. It begins with an initial estimated effective temperature of the oil films, equal to the 
inlet temperature, and its effective viscosity. Then, pressure is calculated and, subsequently, the 
dissipated power in the bearings and the lubricant flowrates. The system of equations (5.21)-
(5.23) is solved for the new effective temperatures and the process is repeated until convergence 
is reached. The iterative procedure is implemented with a weighting coefficient 𝜎, 0 < 𝜎 < 1 
(under-relaxation), to ensure convergence. Raimondi and Boyd (1958a, 1958b, 1958c) suggest 
a value of 𝜎 equal to 0.5, and Frêne et al. (1997) observes this value gives a rapid convergence, 
being utilized in many computer codes. Cameron (1966), on the other hand, recommends a 
value in the range 2 3⁄ < 𝜎 < 1. Seireg and Ezzat (1973) argue that it is questionable whether 
a universal value of 𝜎 exists, even in small bearings. In this work, we utilize 𝜎 = 0.5, as 
suggested by Frêne et al. (1997). No investigations on the iterative scheme were done in order 
to evaluate the effect of this under-relaxation parameter on the thermal response of the floating 
ring bearings or in the computing time and number of iterations to converge. The Algorithm 
5.1 describes the iterative process. 
Algorithm 5.1: Floating ring bearing forces, torques and temperatures 
Given the floating ring bearing geometrical and operational parameters, this algorithm calculates the 




INPUT: displacements and velocities of journal and ring 𝑦𝑗, 𝑧𝑗, ?̇?𝑗, ?̇?𝑗, 𝛺𝑗, 𝑌𝑟, 𝑍𝑟, ?̇?𝑟, ?̇?𝑟, 𝛺𝑟 
OUTPUT: inner and outer film forces and torques 𝐹𝑖𝑦, 𝐹𝑖𝑧, 𝐹𝑜𝑦, 𝐹𝑜𝑧, 𝜏𝑖, 𝜏𝑜 
 and inner and outer film and ring temperatures 𝑇𝑖, 𝑇𝑜, 𝑇𝑟 
1. Set dimensionless variables ?̅?𝑗, 𝑧?̅?, ?̅?𝑗
′,  𝑧?̅?
′, ?̅?𝑟, 𝑧?̅?, ?̅?𝑟
′,  𝑧?̅?
′ , Eq. (5.10) 
2. Set initial condition for temperature differentials Δ𝑇𝑖,𝑜,𝑟 = 0 
3. Calculate temperatures 𝑇𝑖,𝑜 and viscosities 𝜇𝑖,𝑜 = 𝜇(𝑇𝑖,𝑜), Eq. (5.3) 
4. Calculate Prandtl numbers 𝑃𝑟𝑖,𝑜 = 𝑐𝑝𝜇𝑖,𝑜/𝜅 
5. Calculate convection coefficients 𝐻𝑖,𝑜, Eq. (5.34) 
6. Calculate pressure distribution 𝑝𝑖,𝑜, Eq. (5.11) 
7. Calculate lubricant flowrate 𝑄𝑖,𝑜, Eqs. (5.32)-(5.33) 
8. Calculate dissipated powers 𝓅𝑖,𝑜, Eqs. (5.25), (5.28) 
9. If HD solution (isothermal) 
9.1. Go to step 11 
10. Else (THD, thermal solution) 
10.1. Solve thermal system of equations for temperature differentials Δ𝑇𝑖,𝑜,𝑟
𝑛+1, Eqs. (5.21)-(5.23) 
10.2. Under-relaxation Δ𝑇𝑛+1 = Δ𝑇𝑛 + 𝜎(Δ𝑇𝑛+1 − Δ𝑇𝑛) 
10.3. Convergence of temperature? 
 Yes: Go to step 11 /  
 No: Go back to step 3 
11. Calculate inner and outer film forces and torques 𝐹𝑖𝑦, 𝐹𝑖𝑧, 𝐹𝑜𝑦, 𝐹𝑜𝑧, 𝜏𝑖, 𝜏𝑜, Eqs. (5.16), (5.20)  
5.3. Thrust bearing 
In a typical automotive turbocharger, thrust bearings are utilized to support the axial 
force imbalance due to gas flows in the compressor and turbine. Usually, tapered-land thrust 
bearings are implemented. In this configuration, the thrust pad is composed of an inclined pad, 
the ramp that imposes the converging film profile for pressure increase, and a flat part at the 
end of the pad, as illustrated in Figure 5.4a-b. If the ramp length is equal to bearing pad length, 
as illustrated in Figure 5.4c, the bearing outlet will have a sharp corner, an undesirable 
characteristic due to manufacturing process and stress-concentration problems. Also, during 
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shaft acceleration from rest, low rotational speeds may not ensure purely hydrodynamic 
lubrication, and contact between the thrust bearing pad and the shaft collar may occur, 
damaging the sharp corner and, consequently, the bearing. With a flat part at the end of the pad, 
the possible contact between the solid parts may be less abrupt, making the bearing less 
susceptible to failures, which makes the tapered-land configuration very attractive and is one 
of the most commonly used thrust bearing configurations. 
 
Figure 5.4 – Thrust bearing: (a) main variables, (b) tapered-land geometry and (c) tapered 
without flat land 
In a thrust bearing pad, the main variables are the inner and outer radii, 𝑟𝑖 and 𝑟𝑜. The 
angular extent of the pad is 𝜃0 and the angular extent of the bearing ramp is 𝜃𝑟. The ramp height, 
shoulder height or taper height, is 𝑠ℎ. The angle of the leading edge is 𝜃𝑖. The trailing edge is 
the bearing outlet, at angle 𝜃𝑖 + 𝜃0. The minimum distance between the thrust pad and the shaft 
collar is located at bearing pad outlet, the trailing edge. This distance is the minimum oil film 
thickness ℎ0, namely, the distance between the flat part of the pad and the shaft collar. The film 
profile is conveniently written in the circumferential coordinate 𝜃 as 
ℎ = {
ℎ0 + 𝑠ℎ (1 −
𝜃
𝜃𝑟
) , 𝜃𝑖 < 𝜃 ≤ 𝜃𝑖 + 𝜃𝑟
ℎ0, 𝜃𝑖 + 𝜃𝑟 < 𝜃 < 𝜃𝑖 + 𝜃0
 (5.35) 
As the bearing geometry and the film profile are better descripted in cylindrical 
coordinates 𝑟 − 𝜃, the isothermal Reynolds equation for the thrust bearing is conveniently 











































Boundary conditions for this equation are atmospheric pressure at all outlets, 
𝑝(𝑟𝑖, 𝜃) = 𝑝(𝑟𝑜, 𝜃) = 0, 𝑝(𝑟, 𝜃𝑖) = 𝑝(𝑟, 𝜃𝑖 + 𝜃0) = 0 (5.37) 
As with the journal bearing, Equation (5.36) is also a partial differential equation, which must 
be solved numerically. Analytical solutions are only possible for the simplest problems. 
5.3.1. Solution neglecting side leakage 
For the thrust bearing, analytical solutions are obtained restricting the flow to axial-
circumferential directions. Neglecting the flow in the radial direction means neglecting the side 
leakage, which plays an important role in thrust bearing performance (Hamrock et al., 2004). 
Vieira (2014) verified the suitability of the analytical solution, noticing that for a typical 
turbocharger thrust bearing, the side flow cannot be neglected. Figure 5.5 presents the 
dimensionless pressure distribution for one thrust pad in the cylindrical coordinates (𝑟𝜃) 
system, neglecting the side leakage, and for the full isothermal Reynolds equation, solved by 
the finite volume method. It is possible to verify the pressure levels are greatly overestimated 
with the analytical solution and the necessity to include the side leakage in a reliable model. 
 
Figure 5.5 – Dimensionless pressure distribution from analytical and numerical solutions, for 
a typical automotive turbocharger thrust bearing 
5.3.2. Thermal effects in thrust bearings 
The isothermal Reynolds equation is suitable to model lubricant flows when 
temperature variations can be neglected. However, this is not the case for automotive 
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turbochargers, as the high rotational speeds achieved by a typical turbocharger induce fluid 
shear, increasing the oil temperature. In this work, a detailed modelling of the thrust bearing is 
sought, in order to address this bearing operational characteristics. The global thermal analysis 
approach to model heat transfer in the floating ring bearings will not be utilized in the thrust 
bearing, as a better description of the temperature distribution within the bearing is also of 
interest. Instead, the thrust bearing model in this work accounts for temperature variation in all 
three spatial directions, under less restrictive assumptions than the isothermal equation or the 
thermal lumped-parameter model presented in the preceded sections. 
Accounting for the viscosity variation across the film thickness due to temperature 





























  (5.38) 
Equation (5.38) models the pressure distribution of the fluid film in a thrust bearing pad, being 
a more general case of Equation (5.36), as the viscosity changes may greatly influence the 
pressure rise in the bearing lubricant flow. The terms 𝐹0, 𝐹1, 𝐹2 and 𝐹3 account for the viscosity 
























Boundary conditions for the generalized Reynolds equation are the same as before, atmospheric 
pressure on all boundary domains, Equation (5.37). 
The velocity field is calculated from the pressure gradients and continuity equation, 






















































The cumulative integrals are defined 𝐼0 and 𝐼1, which facilitates numerical implementation of 
the above equations. The velocity throughout the film thickness is computed from the continuity 













= 0 (5.42) 
Boundary conditions for the velocity across the film thickness are the no-slip condition at the 
bottom surface 𝑢(0) = 0 and the squeeze term at the top surface 𝑢(ℎ) = 𝜕ℎ 𝜕𝑡⁄ . 
The temperature equation is determined from the Energy equation, written in its full 




























) + 𝜇Φ (5.43) 
The source term Φ is written considering only the velocity gradients across the film thickness 












Boundary conditions for the Energy equation are still a great debate in lubrication theory, and 
an open question that has not found a definitive answer. Several authors have studied the effect 
of different boundary conditions, but no consensus has been reached and the choice of proper 
boundary conditions remain within the application or to match available experimental data. 
Some authors (Huebner, 1974; Almqvist et al., 2000; Yuan et al., 2003; Dobrica and 
Fillon, 2005; Dousti et al., 2019; Dousti and Allaire, 2019) analysed the effect of heat transfer 
to the surfaces bounding the flow and the heat exchange between the lubricant film and those 
surfaces, observing that these heat transfers may be neglected, admitting adiabatic boundary 
condition in the interface in-between the fluid film and the stationary solid. At the bearing 
outlets, usually adiabatic boundary conditions are also admitted. Lubrication theory predicts 
well the flow within the bearing, but it does not attempt to model the flow outside it, where the 
thin film hypothesis no longer holds true. In the absence of any better correlation at the flow 
outlets, usually imposed boundary conditions are admitted. Some authors (Huebner, 1974; 
Dousti et al., 2019; Dousti and Allaire, 2019) investigated the effect of considering a convective 
heat transfer coefficient at the outlets instead of the easier to implement assumption of adiabatic 
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boundary conditions, but found out that for most practical purposes, the influence of this heat 















= 0 (5.45) 
It is worthy notice that most of the recent works in turbocharger dynamics entirely 
neglects thermal effects in the bearings (Chatzisavvas et al., 2016; Smolík et al., 2017; Dyk et 
al., 2018; Koutsovasilis, 2019; Novotný et al., 2018, 2019), as only Li et al. (2017) and Liang 
et al. (2017) consider heat transfer effects in the floating ring bearings, noticing the high 
computational time to solve the dynamic equations, even though they entirely neglected the 
thrust bearing in their model. Given the high nonlinear effects in a typical turbocharger, we aim 
to model this rotating system considering both the floating ring and thrust bearings, including 
thermal effects in both bearings. In order to do an analysis within a reasonable computational 
cost, thermal distortions in the bearings will be neglected and the bearings will be considered 
rigid. Therefore, the stationary bearing pad is considered adiabatic, while the thrust collar will 
be considered in a constant given temperature, pretty close to the supply (replacement) oil 





= 0, 𝑇|𝑥=0 = 𝑇𝑠ℎ𝑎𝑓𝑡 ≈ 𝑇𝑟𝑒𝑝 (5.46) 
The other boundary condition admitted for the energy equation is the inlet temperature 
of the oil. Several authors (Huebner, 1974; Kim et al., 1983; Almqvist et al., 2000; Dobrica and 
Fillon, 2005; Jiang et al., 2011; Chatzisavvas, 2018) consider the simplest inlet boundary 
condition, a constant inlet temperature through the entire inlet surface, usually admitted equal 
to the replacement oil temperature. However, in the groove feeding area, the cold, replacement 
oil is mixed with the hot oil carried over from the previous segment, which may change the 
inlet temperature at the bearing pad. This inlet boundary condition was investigated by Heshmat 
and Pinkus (1986), who extended Ettles (1969) groove mixing model, utilizing a hot oil carry-
over factor 𝜆. This control volume based approach is a practical numerical method, utilized by 
some authors (Vieira, 2014; Remy et al., 2016; Dousti and Allaire, 2019; Peixoto and Cavalca, 







This equation represents the mixture of the replacement oil and the hot oil carried over from 
the previous segment, wherein 𝑄 represent the volumetric flow and the subscripts 𝐿𝐸, 𝑇𝐸 and 
𝑟𝑒𝑝 stand for, respectively, the leading edge (pad inlet), trailing edge (pad outlet) and 
replacement oil. The replacement oil flow 𝑄𝑟𝑒𝑝 is the flow leaving the bearing pad at the inner 
and outer radii, 𝑄𝑟𝑒𝑝 = |𝑄𝑟𝑖| + |𝑄𝑟𝑜|, but it can be written from continuity as the difference 
between the flows at the leading and trailing edges, 𝑄𝑟𝑒𝑝 = 𝑄𝐿𝐸 − 𝜆𝑄𝑇𝐸. The 𝜆 factor is also 
introduced in this replacement flow equation to offer a parameter to adjust the simulation results 
with available experimental data. 
Limiting cases for the hot oil carry-over factor 𝜆 were provided by Heshmat and Pinkus 
(1986). The mixing oil temperature cannot be higher than the maximum oil temperature in the 
pad 𝑇𝑚𝑎𝑥 and it cannot be lower than the replacement oil temperature 𝑇𝑟𝑒𝑝. In this work, we 
admit 𝜆 = 1, which represents the ideal and complete mixture in the groove of the hot oil carried 
over from the previous segment and the replacement oil. The inlet temperature (5.47) is 
calculated for each control volume in the discretized domain. 
Finally, it is worth notice that backflow may occur at the leading edge, when a 
significant pressure gradient exists at the inlet region of the bearing pad. Backflow may happen 
when a certain amount of fluid entering the bearing pad is subsequently reversed, as the pressure 
gradient flow (Poiseuille flow) is larger than the shear-driven flow (Couette flow). In this case, 
part of the flow at the inlet region of the bearing pad leaves the bearing at the leading edge. For 
such cases, the boundary condition should account for backflow and the adiabatic boundary 





= 0 ↔ 𝑣𝜃(𝜃 = 𝜃𝑖) < 0 (5.48) 
The effect of temperature rise due to fluid shear in the thrust bearing reduces the 
viscosity throughout the oil film thickness, which reduces the pressure increase in the bearing 
pad. Figure 5.6 shows the pressure distribution of a typical turbocharger thrust bearing, with 3 
pads uniformly distributed circumferentially, for a given constant minimum oil film thickness. 
The illustrative, dimensionless results presented in this section are for the turbine side thrust 
bearing (Table 6.3), for a rotational speed of 120 krpm, with a replacement oil temperature of 
100 °C and a minimum oil film thickness of 10 μm. The domain discretization consists in 60 
points in circumferential direction, 30 points in radial direction and 15 points in axial direction. 
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Figure 5.6(a) shows the dimensionless pressure distribution admitting a constant 
temperature of the oil film equal to supply (replacement) oil temperature, while Figure 5.6(b) 
presents the same pressure distribution when the Energy equation is considered and the 
temperature throughout the oil film increases due to fluid shear. It is possible to observe the 
pressure distribution is similar in both models, but the amplitudes and peak pressures are 
different, as the THD model predicts lower pressures. Including the temperature variation in 
the thrust bearing modelling allows ultimately for a better estimate of the bearing load-carrying 
capacity, as the pressure integration of the bearing pad area renders the supported bearing load 
and lower pressure distributions render lower bearing load capacities. 
 
Figure 5.6 – Dimensionless pressure distribution for a typical turbocharger thrust bearing with 
3 pads: (a) HD model and (b) THD model 
The pressure is evaluated only in the thrust bearing pads, as the region between the 
bearing pads – the feeding groove – has a much higher height than the film thickness. Vieira 
(2014) investigated the effect of including the groove in the thrust bearing simulation, observing 
that this region could be neglected without loss of accuracy. Also, for high groove heights, the 
thin film hypothesis no longer holds true, and the flow in the groove cannot be modelled by the 
Reynolds equation. Remy et al. (2016) observes the pressure build-up in the groove region can 
be neglected and its value is precisely the oil supply pressure, which also justifies the inlet 
boundary condition for the pressure equation equal to the supply (ambient) pressure. 
The Energy equation is considered in this work in its full three-dimensional form, 
considering the convection and diffusion terms in the three spatial directions. Figure 5.7(a) 
shows the dimensionless temperature distribution of the THD model that produces the pressure 
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distribution shown in Figure 5.6(b). The temperature distribution is shown for 3 slices of the oil 
film within the bearing, at the inner (𝑟𝑖), mean (𝑟𝑚) and outer (𝑟𝑜) radius. This three dimensional 
temperature distribution can be unwrapped in the circumferential direction, to better visualize 
the main characteristics expected for the thermal response of a turbocharger thrust bearing. 
 
Figure 5.7 – Dimensionless temperature distribution of the 3-pad thrust bearing, (a) at the 
inner (𝑟𝑖), mean (𝑟𝑚) and outer (𝑟𝑜) radius and (b) for different film thicknesses position 
Figure 5.8 illustrates the unwrapped temperature distributions shown in Figure 5.7(a). 
In Figure 5.8, it is easier to observe the main characteristics: the temperature is higher at the 
outer radius and at the trailing edge. This is the expected behaviour, as the fluid shear is greater 
at the smaller film thickness, so higher temperatures are expected at the trailing edge. Also, the 
highest velocity term is the circumferential velocity, which is proportional to the bearing radius, 
𝑣𝜃 ∝ Ω𝑟, so convection is expected to be higher at the outer radius. 
 
Figure 5.8 – Unwrapped dimensionless temperature distribution at (a) inner radius, (b) mean 




Another important thermal characteristic is the temperature distribution in the bearing 
pad, in order to analyse if its material can withstand the high temperatures achieved by the oil 
film. The temperature distribution shown in Figure 5.7(a) can also be shown for slices along 
the 𝑟𝜃 planes. Figure 5.7(b) illustrates the film temperature distribution along its thickness 
direction. Three positions are detailed: the temperature distribution at the thrust collar, at the 
film thickness and at the bearing pad. The thrust collar is admitted to be isothermal, whose 
temperature is equal to the supply temperature, so at 𝑥 = 0, the film temperature is always the 
replacement temperature, and no further investigations are necessary at this position. The 
temperature distribution at the bearing pad makes the previous conclusion clearer: higher 
temperatures at the outer radius and at the trailing edge, as shown in Figure 5.9. At the mean 
film thickness, the temperature distribution resembles the temperature distribution at the 
bearing pad, but whose values are lower than the temperatures at the pad. 
 
Figure 5.9 – Dimensionless temperature distribution at (a) mean film thickness and (b) thrust 
bearing pad 
The pressure and temperature distributions previously shown were calculated for the 
static case, i.e., in the generalized Reynolds equation, the time derivative term 𝜕ℎ 𝜕𝑡⁄  is null. 
Even though the time derivative is neglected, a velocity field is calculated for the film thickness, 
to solve the Energy Equation. Figure 5.10 shows the velocity field at two slices of the film 
thickness of the first bearing pad, at the mean radius and at the mean film thickness. It is possible 
to see from Figure 5.10(a) the velocity vectors are almost completely horizontal, which 
emphasize the small magnitude of the velocity across the film thickness and justifies some 
authors approach to completely neglect this velocity component in their calculations 
(Chatzisavvas, 2018; Dousti et al., 2019; Dousti and Allaire, 2019). In Figure 5.10(b), it is 
possible to see the radial components are purely due to the wedge effect and its direction is 




Figure 5.10 – Velocity field at (a) mean radius and (b) mean film thickness 
In this work, all three velocity components in the fluid flow are considered. The 




















Admitting the no-slip condition, 𝑢(0) = 0, and the independence of the cylindrical coordinates, 


















The boundary condition 𝑢(0) = 0 is used to obtain this expression, but the other boundary 
condition 𝑢(ℎ) = 𝜕ℎ 𝜕𝑡⁄  is not addressed in the calculation of the velocity across the film. 
Frêne et al. (1997) notices the boundary condition at 𝑥 = ℎ is not exactly verified in the 
computations, due to truncation errors. To accurately estimate the cross-film flow velocity 
accounting for both boundary conditions, Frêne et al. (1997) suggests to derive the continuity 

















Equation (5.51) is more suitable to solve with a numerical method such as the Finite Volume 
Method, due to the second derivative of the velocity 𝑢 with respect to 𝑥. This equation can be 
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discretized and numerically solved, imposing the two actual boundary conditions 𝑢(0) = 0 and 
𝑢(ℎ) = 𝜕ℎ 𝜕𝑡⁄ . This is the approach used in this work. 
5.3.3. Angular misalignment effects 
The results presented in the preceding section admits the flat part of the thrust bearing 
pad and the thrust collar are parallel. However, as the shaft bends, the thrust collar attached to 
the shaft may rotate, changing the oil film thickness profile. This angular misalignment effect 
in thrust bearings has been addressed by some authors in different rotating systems (Heshmat 
and Pinkus, 1987; Mittwollen et al., 1991; Iordanoff et al., 1995; Jiang and Yu, 1999; Berger et 
al., 2000; San Andrés, 2002) and, more recently, this effect has been introduced in 
turbochargers (Chatzisavvas et al., 2016; Koutsovasilis, 2019; Peixoto and Cavalca, 2019, 
2020). The pressure distribution and the load-carrying capacity of a thrust bearing may be 
influenced by these thrust collar rotations and cannot be neglected. 
 
Figure 5.11 – Thrust collar motion: (a) 𝑦𝑧 plane, thrust bearing cylindrical coordinates and 
thrust collar degrees-of-freedom, (b) 𝑥𝑧 plane, rotation around 𝑦 axis, (c) 𝑥𝑦 plane, rotation 
around 𝑧 axis, (d) 𝑥𝑦 plane, translation in 𝑥 direction 
The angular misalignment effect can be accounted for as a superposition of the aligned 
oil-film thickness ℎ𝑎𝑙 and an additional term due to the collar rotation ℎ𝑚𝑖𝑠 (Koutsovasilis, 
2019; Peixoto and Cavalca, 2019, 2020). Figure 5.11 illustrates the general motion of a thrust 
collar, consisted in its three degrees-of-freedom: an axial translation and two possible rotations, 
around the 𝑦 and 𝑧 axes. The thrust collar rotation relates to the shaft bending and typically in 
a rotating system, this effect is small, so it is reasonable to assume the thrust collar angular 
misalignments are small. Assuming small angular displacements, the misalignment term ℎ𝑚𝑖𝑠 
can be written as a function of the collar rotations as: 






The final expression for the oil film thickness is, therefore: 
ℎ(𝑟, 𝜃, 𝑥, 𝜙𝑦, 𝜙𝑧) = ℎ𝑎𝑙(𝑟, 𝜃, 𝑥) + ℎ𝑚𝑖𝑠(𝑟, 𝜃, 𝜙𝑦 , 𝜙𝑧) (5.53) 
This expression is valid independent of the actual thrust bearing pad shape, for any 
thrust bearing pad geometry. In the particular case of this work, the pad is composed of a ramp 
and a flat part at the end, as described in Equation (5.35). The relation between the minimum 
oil film thickness ℎ0 and the collar axial translation 𝑥 is simply: 
ℎ0 = 𝐶 ± 𝑥 (5.54) 
wherein 𝐶 is an initial axial clearance of the thrust bearing and 𝑥 is the collar axial translation. 
The ± sign accounts for a thrust collar either moving away from the thrust pad or approaching 
it, respectively. Therefore, the final expression for the thrust bearing oil film thickness is: 
ℎ = {
ℎ0 + 𝑠ℎ (1 −
𝜃
𝜃𝑟
) + 𝑟(𝜙𝑦 sin 𝜃 − 𝜙𝑧 cos 𝜃), 𝜃𝑖 ≤ 𝜃 ≤ 𝜃𝑖 + 𝜃𝑟
ℎ0 + 𝑟(𝜙𝑦 sin 𝜃 − 𝜙𝑧 cos 𝜃), 𝜃𝑖 + 𝜃𝑟 < 𝜃 ≤ 𝜃𝑖 + 𝜃0
 (5.55) 
The time derivative of this expression gives the instationary term 𝜕ℎ 𝜕𝑡⁄  of the 





+ 𝑟(?̇?𝑦 sin 𝜃 − ?̇?𝑧 cos 𝜃) (5.56) 
When the collar and pad are parallel, the pressure distributions are equal on each thrust 
bearing pad. The collar rotation changes the oil film thickness of each pad and, therefore, 
induces unequal pressure distributions on each pad. The pad load-carrying capacity is the 
integral of the pressure distribution over its area and, in the presence of angular misalignments, 
these loads will not be equal, inducing restoring moments in the 𝑦 and 𝑧 directions. These 
moments are calculated as the cross-product of the finite volume load 𝑝𝑟𝑑𝑟𝑑𝜃 and the distance 
to the inertial reference system 𝑟 cos 𝜃 𝒋 + 𝑟 sin 𝜃 𝒌. Actually, Jiang and Yu (1999) observe that 
the thrust bearing load direction is perpendicular to the surface collar (parallel to its normal 





} = 𝐹0 {
cos𝜙𝑦 cos𝜙𝑧
sin𝜙𝑧
sin𝜙𝑧 − sin𝜙𝑦 cos𝜙𝑧







wherein 𝐹0 is the normal load: 






The restoring moments are 



















𝑴 = ∫ ∫ {










Therefore, the restoring moment components can be written rearranging Equation (5.59) as: 
𝑀𝑥 = −𝑀𝑦𝜙𝑧 −𝑀𝑧(𝜙𝑧 − 𝜙𝑦) 
𝑀𝑦 = ∫ ∫ 𝑝𝑟





, 𝑀𝑧 = − ∫ ∫ 𝑝𝑟







The 𝑦 and 𝑧 components are directly evaluated integrating the pressure field over the 
bearing area and the 𝑥 component is subsequently evaluated. Due to the small angle 
approximations, the loads in the radial directions 𝑊𝑦,𝑧 are of order 𝑜(𝜙𝑦,𝑧), much smaller than 
the axial direction component, showing the incapacity of the thrust bearing to sustain lateral 
loads. These lateral loads of the axial bearing are, then, neglected in the simulations. The 
moment in the 𝑥 direction relates to the shaft rotational speed. As it will be discussed later 
(Section 4.1.4.2), a drive input torque induces the rotation of the system. The 𝑀𝑥 component is 
considerably small and is also neglected, as it practically does not change the resultant torque 
of the system. Consequently, the input for the simulations is the actual shaft rotational speed. 
A geometrical limitation on the amount of misalignment that can occur is dictated by 
the outer radius 𝑟𝑜. Heshmat and Pinkus (1987) notice the maximum or minimum film thickness 




, ℎ𝑚 = ℎ0 + 𝑟(𝜙𝑦 sin 𝜃𝑚 − 𝜙𝑧 cos 𝜃𝑚) (5.61) 
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wherein 𝑚 stands either for maximum or minimum. Heshmat and Pinkus (1987) establish the 











| < 1 (5.62) 




| < ?̅? (5.63) 
We set ?̅? < 1 to ensure the film thickness is always positive, in the case wherein the runner 
undergoes simultaneous rotations around the 𝑦 and 𝑧 axes. Peixoto and Cavalca (2019) admit 
?̅? = 0.4 in the limiting range for the thrust collar rotations. 
5.3.4. Finite volume formulation of governing equations 
The generalized Reynolds equation and Energy equation are coupled differential 
equations that must be solved simultaneously, altogether with the velocity fields, in order to 
obtain the pressure and temperature distributions throughout the oil film. This set of five 
integro-differential equations, repeated in Equation (5.64) for convenience, are solved by the 
Finite Volume Method. The finite volume formulation of these set of equations is advantageous 
for fluid flow calculations, as it inherently conserves mass and energy, making the numerical 













































































































) + 𝜇Φ 
(5.64) 
To facilitate the finite volume implementation and the treatment of boundary 
conditions, the equations are transformed to a body-fitted coordinate system (𝜉1, 𝜉2, 𝜉3), as 
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illustrated in Figure 5.12. The governing equations in general curvilinear coordinates can be 
directly evaluated and the solution, especially of the energy equation, is much simpler in this 
form. Even though several different numerical schemes have been proposed to solve the 
Reynolds equation, the evaluation of the Energy equation is much more difficult, as the oil film 
shape – the numerical domain – changes with the radial and circumferential direction. The 
necessity to include heat transfer in the film thickness direction creates a numerical problem 
much harder to treat with other proposed schemes, as the film thickness goes from 0 to ℎ(𝑟, 𝜃). 
Discretization of the domain in finite volumes creates non-orthogonal finite volumes, as 
illustrated in Figure 5.12(a), which requires the correct treatment of this non-orthogonality. In 
this work, the use of general curvilinear coordinates is preferable to avoid the implementation 
of a general unstructured mesh solver (Mazumder, 2016). 
 
Figure 5.12 – Change of variables from (a) physical domain to (b) computational domain 
The solution of the generalized Reynolds equation with a finite volume formulation 
requires solving the pressure equation (5.64a), a 2D partial differential equation (PDE), and the 
temperature equation (5.64e), a 3D PDE. The energy equation has convective and dissipation 
terms, requiring the calculation of the velocity field equations (5.64b-d). To create a general 
purpose routine capable of dealing with any thrust bearing geometry and oil flow, it is useful to 
work with dimensionless quantities. The implemented code solves dimensionless forms of the 


































wherein ?̅?, ?̅? and ?̅? are the dimensionless spatial variables, related to the general curvilinear 
coordinates (𝜉1, 𝜉2, 𝜉3). The dimensionless velocity components ?̅?𝑟 and ?̅?𝜃 are scaled with 
respect to the outer bearing radius 𝑟𝑜, while the much smaller velocity across the film thickness 
is scaled for convenience with respect to the film thickness ℎ0. Time is scaled with respect to 
the shaft rotational speed Ω𝑗, in order to obtain a convenient form of the dimensionless Reynolds 
equation. The dimensionless pressure relates to the reference value 𝑝0 = 𝑟𝑜
2Ω𝜇0 ℎ0
2⁄ , while the 
dimensionless temperature is scaled with respect to a reference temperature 𝑇0 (admitted as the 
replacement oil temperature 𝑇𝑟𝑒𝑝) and the dimensionless viscosity refers to a reference viscosity 
evaluated at the reference temperature 𝜇0 = 𝜇(𝑇0). The other reference values are either related 
to the thrust bearing geometry (𝑟𝑜) or its operational characteristics (ℎ0 or Ω𝑗). 
With the aforementioned dimensionless parameters, the generalized Reynolds 


































































2 𝐹3 = ?̅?1
 (5.67) 
The discretized form of the pressure equation is written as a recurrence equation: 
𝑎𝑃?̅?𝑃 = 𝑎𝐸?̅?𝐸 + 𝑎𝑊?̅?𝑊 + 𝑎𝑁?̅?𝑁 + 𝑎𝑆?̅?𝑆 + ?̃? (5.68) 
Derivation of Eq. (5.68) and the recurrence equation coefficients are presented in Appendix B. 
The recurrence equation is solved by the Gauss-Seidel method with successive over-relaxation. 




To check convergence of the iterative solution, any matrix norm can be utilized on the 
































The 𝐿2 norm is preferred, as Carré (1961) pointed out that, for purposes of extrapolation (as in 
the successive over-relaxation), this vector norm has in general a faster rate of convergence. 
The algorithm to calculate the pressure field is shown in Algorithm 5.2. Notice the 
pressure field can be calculated independently for each bearing pad, which slightly improves 
its computation. 
Algorithm 5.2: Pressure field evaluation for thrust bearings 
Given the mesh grid with the discretization of the dimensionless radial and circumferential coordinates, 
the calculated integrals 𝐹0, 𝐹1, 𝐹2 and the dimensionless film thickness profile ℎ and its dimensionless 
time derivative ℎ̇ on each point of the discretized mesh, this algorithm calculates the pressure 
distribution on a thrust bearing from a given initial pressure distribution 
INPUT: discretized meshes ?̅?𝑖,𝑗, ?̅?𝑖,𝑗, ?̅?0𝑖,𝑗, ?̅?1𝑖,𝑗, ?̅?2𝑖,𝑗, ℎ̅𝑖,𝑗, ℎ̇̅𝑖,𝑗 and initial pressure distribution 𝑝𝑖,𝑗
0  
 desired tolerance 𝑇 𝐿 and maximum allowable number of iterations 𝑀𝐴𝑋𝐼𝑇𝐸𝑅 
OUTPUT: converged pressure distribution ?̅?𝑖,𝑗 
1. For each thrust bearing pad, repeat steps 2 and 3 
2. Pre-calculate and store the linear system coefficients and source term: 
2.1. For each mesh point i=1:Ni, j=1:Nj 
 Calculate coefficients 𝑎𝑃, 𝑎𝐸, 𝑎𝑊, 𝑎𝑁, 𝑎𝑆 and ?̃? according to Eq. (B.6) 
3. Repeat Gauss-Seidel iterations until convergence: 
3.1. For each mesh point i=1:Ni, j=1:Nj 
3.1.1. 𝑝𝑖,𝑗
𝑜𝑙𝑑 = 𝑝𝑖,𝑗 
3.1.2. 𝜎 = ∑𝑎𝑛𝑏𝑝𝑛𝑏 + 𝑆 (calculation step) 
3.1.3. 𝑝𝑖,𝑗 = 𝑝𝑖,𝑗 +𝜔 (
𝜎
𝑎𝑃𝑖,𝑗
− 𝑝𝑖,𝑗) (over-relaxation step) 
3.1.4. If 𝑝𝑖,𝑗 < 0, set 𝑝𝑖,𝑗 = 0 (Swift-Stieber condition) 





3.3. Increase iterator counter: 𝑛 = 𝑛 + 1 
3.4. Check for convergence: 
3.4.1. If 𝑟𝑒𝑠 < 𝑇 𝐿 or 𝑛 > 𝑀𝐴𝑋𝐼𝑇𝐸𝑅, output pressure field 𝒑 
3.4.2. Else, repeat steps 3.1 to 3.4 
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After the pressure field convergence, the velocity components are estimated from the 
pressure gradients. The radial and circumferential components are directly evaluated in 








































The velocity component across the film thickness is evaluated accounting for both 
boundary conditions ?̅?(0) = 0 and ?̅?(1) = 𝜕ℎ̅ 𝜕𝑡̅⁄ , by solving the continuity equation (5.64d) 









































= 0 (5.73) 
The extra terms appearing in the above equation account for the change of coordinates to 
normalize the film thickness. The recurrence equation for the axial velocity field is: 
𝑎𝑃?̅?𝑃 = 𝑎𝑇?̅?𝑇 + 𝑎𝐵?̅?𝐵 + ?̃? (5.74) 
whose derivation and coefficients are presented in Appendix B. Algorithm 5.3 shows the major 
steps in calculating the velocity across the film thickness, as in an analogous implementation 
for the pressure field calculation. 
Algorithm 5.3: Finite volume solution of axial velocity 
Given the mesh grid with the discretization of the dimensionless radial, circumferential and axial 
coordinates, the calculated velocity components ?̅?𝑟 and ?̅?𝜃 and its gradients, this algorithm calculates 
the dimensionless axial velocity component of each mesh point (i,j,k) 
INPUT: discretized meshes ?̅?𝑖,𝑗,𝑘, ?̅?𝑖,𝑗,𝑘, ?̅?𝑖,𝑗,𝑘, film thickness profile ℎ̅𝑖,𝑗 and radial ?̅?𝑟 and 
circumferential ?̅?𝜃 velocity components and its gradients, desired tolerance 𝑇 𝐿 and 
maximum allowable number of iterations 𝑀𝐴𝑋𝐼𝑇𝐸𝑅 
OUTPUT: converged axial velocity component ?̅?𝑖,𝑗,𝑘 
1. For each thrust bearing pad, repeat steps 2 and 3 
2. Pre-calculate and store the linear system coefficients and source term: 
2.1. For each mesh point i=1:Ni, j=1:Nj, k=1:Nk 
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 Calculate coefficients 𝑎𝑃, 𝑎𝑇, 𝑎𝐵, and ?̃? according to Eq. (B.10)  
3. Repeat Gauss-Seidel iterations until convergence: 
3.1. While not converged, repeat steps 3.1 to 3.4 
3.2. For each mesh point i=1:Ni, j=1:Nj, k=2:Nk-1 
3.2.1. 𝑢𝑖,𝑗,𝑘
𝑜𝑙𝑑 = 𝑢𝑖,𝑗,𝑘 
3.2.2. 𝜎 = ∑𝑎𝑛𝑏𝑢𝑛𝑏 + 𝑆 (calculation step) 
3.2.3. 𝑢𝑖,𝑗,𝑘 = 𝑢𝑖,𝑗,𝑘 +𝜔 (
𝜎
𝑎𝑃𝑖,𝑗,𝑘
− 𝑢𝑖,𝑗,𝑘) (over-relaxation step) 





3.4. Increase iterator counter: 𝑛 = 𝑛 + 1 
3.5. Check for convergence: 
3.5.1. If 𝑟𝑒𝑠 < 𝑇 𝐿 or 𝑛 > 𝑀𝐴𝑋𝐼𝑇𝐸𝑅, output axial velocity field 𝒖 
3.5.2. Else, go to 3.1. 
Regarding numerical implementation, it is worth to notice the integrals in Equations 
(5.67) and (5.72) are numerically evaluated using the Simpson’s rule.  
The dimensionless spatial variables defined in Eq. (5.65) are chosen in order to 
eliminate the non-orthogonality of the finite volumes in the physical domain. Even though this 
same change of variables can be used to solve the Energy equation in its 3D form, the final 
expression is rather lengthy and cumbersome (Peixoto and Cavalca, 2019). A more systematic 
approach to treat the Energy equation is to use general curvilinear coordinates, to facilitate the 
development of the resultant partial differential equation with advection, diffusion and reaction 
terms, in the computational domain. Patankar (1980), Versteeg and Malalasekera (2007), 
Mazumder (2016) and Maliska (2017) present a systematic approach to deal with a general 
partial differential equation for a property 𝜙 using curvilinear coordinates. The energy equation 






























wherein in the source term, only the velocity gradients across the film thickness direction 𝑥3 
are considered. The calculated velocities in Cartesian coordinates are evaluated from the 






cos 𝜃 − sin 𝜃 0









Using the dimensionless dependent variables: 
𝑢1,2,3 = 𝑟𝑜Ω𝑗?̅?1,2,3, 𝑇 = 𝑇0?̅?, 𝜇 = 𝜇0?̅? (5.77) 








































The recurrence (discretized) equation can be compactly written as: 
𝑎𝑃𝜙𝑃 =∑𝑎𝑛𝑏𝜙𝑛𝑏
𝑛𝑏
+ 𝑆 (5.79) 
wherein 𝑛𝑏 means the summation extends to all neighbouring nodes of the central node 𝑃.  
The recurrence equation conveniently indicates the Gauss-Seidel iteration for each 
central node. Boundary conditions are treated in the same manner as for an internal control 
volume, accounting for the proper boundary conditions in the correct direction and terms. The 
generality of expression (5.79) is valid even for the boundary control volumes, if the 
coefficients are correctly evaluated. An important observation on the solution of the Energy 
equation is the use of an over-relaxation factor. For the pressure and axial velocity calculations, 
a sub-optimal parameter could be used to accelerate the rate of convergence of the Gauss-Seidel 
iterations. These parameters cannot be used for the solution of the Energy equation, as 
numerical difficulties in the iterative solution were observed. Colynuck and Medley (1989) 
propose a modification of the formulation in order to satisfy the Scarborough criteria for every 
control volume. The final implementation of the discretized temperature equation reads: 
(𝑎𝑃 + 𝐸)𝜙𝑃 =∑𝑎𝑛𝑏𝜙𝑛𝑏
𝑛𝑏
+ 𝑆 + 𝐸𝜙𝑃
𝑜𝑙𝑑 (5.80) 
where 
𝐸 = 0 , 𝑖𝑓 𝐸1 ≤ 0 








𝑜𝑙𝑑 is the value of 𝜙𝑃 from the previous iteration. This implementation resembles the 
successive over-relaxation proposed by Young (1971), with a different relaxation factor, to 
ensure convergence of the iterative solution of the linear system. This implementation 
guarantees convergence of the solution, but it greatly increases its computational time. The 
most expensive step in the solution of the generalized Reynolds equation is this temperature 
calculation. Further investigations on its optimization may be sought in order to reduce the total 
computational time of the solution of the thrust bearing with thermal effects. 
Algorithm 5.4 shows the evaluation of the temperature field. Notice the k iterator on 
the film thickness direction ranges from 2 to Nk, as the temperature does not require its 
evaluation on the shaft, as it is prescribed and constant. For simplicity, the mesh points on the 
inlet region are separated from the rest of the domain, to better handle the possible cause for 
backflow on the leading edge of a thrust bearing pad. 
Algorithm 5.4: Temperature field evaluation for thrust bearings 
Given the mesh grid with the discretization of the dimensionless radial, circumferential and axial 
coordinates, the calculated velocity field and the metrics of the transformation on each point of the 
discretized mesh, this algorithm calculates the temperature distribution on a thrust bearing from a given 
initial temperature distribution. 
INPUT: discretized meshes 𝜉𝑖,𝑗,𝑘,𝑛
1,2,3
, velocity field ?̅?𝑟𝑖,𝑗,𝑘,𝑛, ?̅?𝜃𝑖,𝑗,𝑘,𝑛, ?̅?𝑖,𝑗,𝑘,𝑛, metrics of transformation 
given in the cofactor matrix 𝜷𝑖,𝑗,𝑘,𝑛, the quantities (𝑩𝑖𝑗 𝐽⁄ )𝑖,𝑗,𝑘,𝑛
, initial temperature 
distribution 𝑇𝑖,𝑗,𝑘,𝑛
0 , desired tolerance 𝑇 𝐿 and maximum allowable number of iterations 
𝑀𝐴𝑋𝐼𝑇𝐸𝑅 
OUTPUT: converged temperature distribution ?̅?𝑖,𝑗,𝑘,𝑛 
1. Calculate velocities in the computational domain, Eq. (5.76) 
2. Pre-calculate and store the linear system coefficients and source term: 
2.1. For each mesh point i=1:Ni, j=1:Nj, k=1:Nk and n=1:Npads 
 Calculate coefficients 𝑎𝑃, 𝑎𝑛𝑏 and 𝑆 
3. Repeat Gauss-Seidel iterations until convergence: 
3.1. In the inlet region (𝜃 = 𝜃𝑖), 
For each bearing pad n=1:Npads and for each mesh point i=1, j=1:Nj, k=2:Nk 




 (adiabatic, Eq. (5.80))  
3.1.2. Else, 𝑇𝑃 =
𝑇𝑟𝑒𝑝𝑄𝑟𝑒𝑝+(𝜆𝑄𝑇𝐸)𝑇𝑇𝐸
𝑄𝐿𝐸
 (prescribed temperature, Eq. (5.47)) 





 (Eq. (5.80))  







3.4. Increase iterator counter: 𝑛 = 𝑛 + 1 
3.5. Check for convergence: 
3.5.1. If 𝑟𝑒𝑠 < 𝑇 𝐿 or 𝑛 > 𝑀𝐴𝑋𝐼𝑇𝐸𝑅, output temperature field 𝑻 
3.5.2. Else, repeat steps 3.1 to 3.5 
It is worth mentioning that, for a given specified tolerance, the execution time of finite 
volume solutions are substantially less than finite element solutions (Ettles and Anderson, 
1990). Galerkin type solutions of the Reynolds equation are faster than finite difference 
solutions, but it cannot consider temperature variations in the oil film (Chatzisavvas et al., 2016; 
Chatzisavvas, 2018). Acceleration techniques for vector sequences, as in Aitken extrapolations 
(Jennings, 1971; Macleod, 1986; Capehart, 1989; Sedogbo, 1997; Brezinski and Chehab, 1998; 
Ramière and Helfer, 2015) were investigated. Unfortunately, none of the proposed 
extrapolation schemes were successful in reducing the total number of iterations and computing 
time of the temperature solution. Multigrid methods are another acceleration technique that 
improve convergence, using grid coarsening (Fedorenko, 1973; Trottenberg et al., 2000; 
Ruggiu et al., 2018) and may be investigated. Especially for hydrodynamic bearings, efficient 
procedures approximating heat transfer or temperature distributions through the oil film 
(Vijayaraghavan, 1996) or reduction approaches of the energy equation (Mahner et al., 2016) 
may reduce the computing time. 
Once the pressure distribution on the thrust bearing is known, the thrust bearing film 
forces and restoring momenta are evaluated, as in Eqs. (5.57)-(5.60). The integrals are 

































∑ 𝑝𝑖,𝑗,𝑛𝑟𝑖,𝑗,𝑛 sin 𝜃𝑖,𝑗,𝑛 Δ𝑟Δ𝜃
𝑁𝑖,𝑗,𝑁𝑝𝑎𝑑𝑠
𝑖,𝑗,𝑛=1

















6. Experimental set-up 
This chapter presents the description of the test rig utilized to validate the numerical 
model presented in the preceding chapter. The experimental results were obtained in a test rig 
mounted in the System Reliability, Adaptive Structures and Machine Acoustics (SAM) at 
Technische Universität Darmstadt, in a collaboration between the TurboScience GmbH and the 
Fraunhofer Institute for Structural Durability and System Reliability LBF in Darmstadt. 
 
Figure 6.1 – Turbocharger test rig. 
Figure 6.1 shows a picture of the turbocharger test rig mounted at SAM TU Darmstadt 
laboratory. In the picture, the CS and TS identify, respectively, the compressor and turbine side, 
while 𝑝 and 𝑇 represent the location of the pressure and temperature sensors. A typical 
turbocharger test rig is capable of identifying the aerodynamic operating point of the 
turbocharger, in order to obtain the pressure ratio of the compressor as a function of the air mass 
flow (the compressor map). The mounted test rig is capable of obtaining this compressor map 
for stationary points and run up and down measurements. It is also possible to evaluate the 
variation of the results depending on the turbocharger rotational speed, oil temperatures, throttle 

















Figure 6.2 – Test rig measurement and sensor setup 
An illustrative test rig scheme is shown in Figure 6.2. The turbine is driven by 
compressed air and the temperature, pressure and mass flows are measured. The compressed 
air driving the turbine has a measured mass flow ?̇?𝑡 and can be heated in the Heat Exchanger, 
in order to drive the turbine with a hot air flow (with temperatures up to about 110 °C), instead 
of airflow at the ambient temperature. The measured absolute pressure and temperature at the 
turbine inlet are 𝑝3 and 𝑇3 and at the turbine outlet are 𝑝4 and 𝑇4. The ambient pressure 𝑝𝑎𝑚𝑏 =
𝑝0 is also measured along the experiment. In the compressor inlet, the measured air mass flow 
is ?̇?𝑐 and the absolute pressure and temperature are 𝑝1 and 𝑇1, while at the compressor outlet 
they are, respectively, 𝑝2 and 𝑇2. The operating point of the compressor is controlled by the 
Inlet and Outlet Valves. Throttle variations allow manipulation of the operating point, which 
changes the air mass flow and pressure ratio at the compressor, ultimately affecting the resultant 























Figure 6.3 – Test rig rotor dynamic specific instrumentation 
The oil conditioning system is also inspected. The synthetic motor oil SAE 0W20 
entering the turbocharger lubricates both the floating ring and thrust bearings. Both the pressure 
𝑝𝑖𝑛 and temperatures 𝑇𝑖𝑛 of the oil entering the system are measured. The oil can be artificially 
heated to simulate an actual turbocharger operation, and inlet temperatures of the oil can 
achieve up to about 90 °C. Temperatures of the oil leaving the turbocharger 𝑇𝑜𝑢𝑡 are also 
measured. 
 
Figure 6.4 – Test rig rotor dynamic sensor setup 
Alongside the instrumentation shown in Figure 6.2, the specific instrumentation for 
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setup is shown in Figure 6.4. The sensor Shaft speed 1 measures the shaft rotational speed, 
counting the number of turbine blades passing by the sensor, as illustrated in Figure 6.5. Two 
Floating ring speed (1, 2) sensors are installed in the bearing housings in order to measure the 
ring rotational speeds. The sensor counts the number of ring holes passing by the sensor head, 
as illustrated in the pictures in Figure 6.6. Two radial sensors in the shaft ends at compressor 
side (Radial disp. 1 and 2) and turbine side (Radial disp. 3 and 4) measure the lateral oscillations 
of the turbocharger rotor ends. The radial sensors are positioned separated apart by 70° (at 
compressor side) and 100° (at turbine side), but the results are presented in the inertial 𝑌𝑍 
directions. In the presented results, however, only the compressor side radial sensors were 
installed, so only the shaft lateral displacements at compressor side are available 
experimentally. At the compressor side shaft end an axial sensor (Axial disp. 1) measures the 
axial displacement of the rotor. 
 
Figure 6.5 – Illustrative picture of the shaft speed sensor, installed in the housing of the 
turbine wheel, counting its number of blades to determine the shaft rotating speed (Adapted 
from Dechant, 2019 licensed under CC BY-SA 4.0) 
 
Figure 6.6 – Positioning the floating ring speed sensors 




Figure 6.7 shows a picture of the test rig with the mounting pedestals accommodating 
the turbocharger and some of the displacement sensors. The Axial disp. is the axial displacement 
sensor and the Radial disp. is the radial displacement sensors, both at compressor side. The 
tubes provide the inlet and outlet air flows on the turbine and compressor, wherein sensors are 
installed for measurements of the pressure, temperature and mass flow (not shown). In this 
picture, the radial sensors at turbine side are not installed. Figure 6.8 shows another picture of 
this same test rig, showing both displacement sensors installed at the compressor side shaft end. 
 
Figure 6.7 – Picture of the test rig with the displacement sensors at compressor side 
 



















6.1. Shaft finite element discretization 
 
Figure 6.9 – Finite element model of the analysed turbocharger 
The finite element discretization of the rotating shaft, shown in Figure 6.9, is composed 
of 15 frame elements (16 nodes), whose main parameters are shown in Table 6.1. Each frame 
element has two nodes per element and each node has 5 degrees-of-freedom (three 
displacements in the 𝑋, 𝑌 and 𝑍 directions and two rotations around the 𝑌 and 𝑍 axes). The left-
hand side (LHS) shaft end is located on node 1, while the right-hand side (RHS) shaft end is 
located on node 16. The available displacement experimental measurements relate to the axial 
and lateral displacements of this node 16. The model also comprises 5 rigid discs, to account 
for the inertia of the turbine wheel (node 2), compressor wheel (node 13), thrust collar (node 
9), oil flinger (node 11) and the lock nut (node 15), whose main parameters are shown in Table 
6.2. The mass, polar and transverse moment of inertia (MoI) of the rigid discs were estimated 
in the CAD model of the turbocharger, provided directly from the finite element discretization 
of the turbocharger shaft. The lengths and diameters of the rigid discs shown in Figure 6.9 are 
illustrative only, as they are chosen in order to represent the rigid discs on the shaft FE 
discretization. The turbocharger total weight is about 233 g and its length is 137 mm. 
The shaft is supported by two floating ring bearings: the turbine side rotating floating 













bearing (CS RFRB), located at node 7. The double-acting thrust bearing model is divided on 
the three nodes 8-10. The turbine side thrust bearing (TS TB) is located on node 8, while the 
compressor side thrust bearing (CS TB) is located on node 10. Due to lack of information, we 
assume the Poisson’s coefficient of the frame elements are 𝜈 = 0.30 and the shear modulus is 
estimated by the relation 𝐺 = 𝐸 2(1 + 𝜈)⁄ . The increased elastic modulus of elements 8-15 
account for the added stiffness of the compressor wheel mounting. 










1 22.21 13.00 192 8 500 
2 14.44 20.00 192 8 500 
3 9.670 14.58 192 7 720 
4 6.095 8.000 192 7 720 
5 14.23 8.000 192 7 720 
6 14.63 8.000 192 7 720 
7 4.940 8.000 192 7 720 
8 0.900 5.100 2 100 7 720 
9 0.900 5.100 2 100 7 720 
10 5.400 5.100 1 302 7 720 
11 4.360 5.020 1 302 7 720 
12 9.340 5.020 2 100 7 720 
13 21.39 5.020 2 100 7 720 
14 3.790 5.020 1 470 7 720 
15 4.320 5.544 1 470 7 720 








Turbine wheel 2 78.00 1.334×10-5 1.603×10-5 
Thrust collar 9 1.858 3.100×10-8 6.100×10-8 
Oil flinger 11 5.434 3.730×10-8 4.210×10-8 
Compressor 
wheel 
13 45.60 7.607×10-6 1.016×10-5 
Lock nut 15 2.598 1.780×10-6 2.270×10-8 
6.2. Bearing geometry data 
The double-acting thrust bearing considered in the simulations is shown schematically 
in Figure 6.10. The thrust collar is located between the turbine side (TS TB) and compressor 
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side (CS TB) thrust bearings, each one composed of three bearing pads. Its main geometric 
variables are shown in Table 6.3. 
 
Figure 6.10 – Double-acting thrust bearing scheme 
Table 6.3 – Double-acting thrust bearing geometrical parameters 
Parameter TS TB CS TB 
Inner radius (mm) 4.4 4.2 
Outer radius (mm) 6.7 7.1 
Shoulder height (µm) 31.6 24.0 
Pad angular extent (°) 97.0 76.3 
Ramp angular extent (°) 81.0 61.0 
Groove angular extent (°) 23.0 23.7 
Number of pads (–) 3 3 
The floating ring bearing is somewhat simplified, to bear with the short bearing 
hypothesis. The communication drill holes on the ring are not considered in the simulations. 
Both floating rings are assumed to be a hollow cylinder, whose main geometric variables are 
shown in Table 6.4. Due to lack of information, the ring moment of inertia (MoI) is 







Table 6.4 – Floating ring bearing geometrical parameters 
Parameter 
TS RFRB CS RFRB 
Inner film Outer film Inner film Outer film 
Radial clearance (µm) 12.75 33.0 8.75 37.0 
Bore radius (mm) 4.012 6.198 4.009 6.198 
Length (µm) 4.4 7.0 4.4 7.0 
Ring mass (g) 3.7 3.7 






6.3. Oil physical parameters 
The synthetic oil 0W20 utilized in the experiments have the physical parameters 
density, specific heat and thermal conductivity, shown in Table 6.5. The variation of the fluid 
density throughout the film with temperature has negligible effect on several lubricating 
systems, with respect to the pressure increase as a result of the generalized Reynolds equation. 
The assumed hypothesis of incompressible fluid is then reasonable (Dowson, 1962; Huebner, 
1974; Brockett et al., 1996; Remy et al., 2016; Peixoto and Cavalca, 2019, 2020), so the density 
value is assumed constant and equal to the oil density measured at 100 °C. The specific heat 
and thermal conductivity of lubricating oils are not strongly dependent on temperature (Coker, 
1995) and can also be assumed constant. Table 6.5 also shows the viscosity-temperature 
parameters of the Vogel model employed in the current work, as a result of the least-squares fit 
from the measured viscosities as a function of the temperature, as discussed in Section 5.1.1. 
Table 6.5 – Measured oil parameters 
Property measured at 100 °C Value 
Density 𝝆 (kg/m3) 786.93 
Specific heat 𝒄𝒑 (J/kg.°C) 2149.2 
Thermal conductivity 𝒌 (W/m.°C) 0.125 
Vogel parameter 𝒂 (Pa.s) 1.1119×10-3 
Vogel parameter 𝒃 (°C) 91.835 




7. Results and discussion 
This chapter presents the theoretical (simulated) and experimental results obtained in 
the current work. Before analysing the turbocharger system, an early evaluation of the finite 
volume formulation and a mesh convergence analysis was done, defining how the finite volume 
parameters (the tolerances and number of mesh points) were chosen. This is shown in Appendix 
C. The chapter is divided in three parts. The first part brings the thrust bearing theoretical 
analysis, presenting the pressure and temperature distributions of the oil films and the load-
carrying capacity of such bearings, as a function of different operational parameters. The second 
part describes the theoretical analysis of the entire turbocharger, supported by both floating ring 
and thrust bearings. Finally, the third part shows the experimental results obtained in the test 
rig described in Chapter 6. 
It is worth mentioning all developed codes, for thrust and floating ring bearings 
evaluation and turbocharger time transient nonlinear analysis, were developed by the author in 
the Microsoft Visual Studio 2008 editor and compiled with the Intel® Visual Fortran 11.1.038 
[IA-32] compiler. The option to utilize the 32-bit version of the Intel Fortran compiler was for 
compatibility with the IMSL® Fortran Numerical Library, Version 6.0.0. The utilized 
numerical libray enables easy implementation of vector-matrix multiplication, matrix-matrix 
multiplication, linear system solver, eigenvalue analysis and related linear matrix operators. 
Post-processing analysis was performed in the MATLAB software, on the R2020a version. 
7.1. Double-acting thrust bearing analysis 
This section presents a thorogh analysis of the typical double-acting thrust bearing 
utilized in automotive applications. The double-acting thrust bearing has the dimensions 
presented in Section 6.2, Table 6.3. One important observation regarding this configuration is 
that each thrust bearing has a different dimension. Moreover, the turbine side thrust bearing (TS 
TB) has three uniformly distributed pads, but the compressor side thrust bearing (CS TB) has 
an unequal distribution of the three pads. This unequal pad distribution will induce restoring 
moments on the turbocharger shaft, even when the thrust collar and the flat part of the thrust 
pad are aligned. In this section, it will be presented a typical pressure and temperature 
distribution for the aligned case (Section 7.1.1), the effect of angular misalignments on the 
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thrust bearing predicted load-carrying capacity and restoring moment (Section 7.1.2) and the 
linearization of the double-acting thrust bearing forces and moments with respect to the thrust 
collar displacements and velocities (Section 7.1.3). 
7.1.1. Pressure and temperature fields for the aligned case 
The first analysis investigates the pressure and temperature distributions on both thrust 
bearings and compares the purely hydrodynamic (isothermal) solution with the full thermo-
hydrodynamic solution, considering temperature variations in all three spatial directions. 
Results are presented for three selected rotational speeds: a (relatively) low rotational speed 
(60 krpm), a medium rotational speed (120 krpm) and a high rotational speed (180 krpm), for 
a minimum oil film thickness of 15 μm. The admitted inlet (replacement) oil temperautre is 
85 °C, a typical value achieved by the oil during engine operation. 
Figure 7.1 illustrates the spatial pressure distribution on each thrust bearing pad, for 
both TS and CS thrust bearings. The pressure field is estimated for both hydrodynamic (HD) 
and thermo-hydrodynamic (THD) models and are presented in the same color scale in order to 
emphasize the differences of both models. The shape of the pressure distribution is the same 
for both models, but the HD model predicts higher pressures. The temperature increase of the 
oil film reduces the film overall viscosity, which reduces the pressure increase and, ultimately, 
the bearing load-carrying capacity. It is possible to notice that temperature effects are more 
important for higher rotational speeds. While for the low rotational speed of 60 krpm, the 
difference on the maximum pressure between both models is about 0.1 MPa, for 120 krpm this 
difference is 0.3 MPa (TS) and 0.5 MPa (CS) and, for 180 krpm, it is 0.5 MPa (TS) and 0.7 MPa 
(CS), as shown in Table 7.1. Because reliable estimates for the thrust bearing performance are 
required in order to integrate this model in a robust turbocharger simulation, it is clear a THD 
analysis is required. Table 7.1 also shows the mean and maximum temperatures estimated by 
each model. Clearly, the isothermal model predicts the same inlet temperatures utilized in the 
simulations, but the THD model predicts temperature increases in the film, as also shown in 
Figure 7.2. It is possible to observe the temperature is greater at the pad trailing edge (where 
fluid shear is greater due to the smaller clearances) and outer radius (where the fluid tangential 
velocity is greater). Another interesting behaviour is that the predicted temperatures for 
180 krpm are slightly smaller than for 120 krpm. We observe the higher rotational speeds induce 
higher oil tangential velocities, which is beneficial to remove heat from the bearing due to 
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convection. This effect is greater than the heat generated by fluid shear, which aids the bearing 
thermal performance on high rotational speeds. 
Table 7.1 – Pressure and Temperature comparison of HD and THD models 
Ω [krpm] TB Model pmean [MPa] pmax [MPa] Tmean [°C] Tmax [°C] 
60 
TS 
HD 0.133 0.574 85.0 85.0 
THD 0.113 0.478 88.4 101.8 
Δ 0.020 0.096 3.4 16.8 
CS 
HD 0.232 0.816 85.0 85.0 
THD 0.192 0.674 89.2 103.9 
Δ 0.040 0.142 4.2 18.9 
120 
TS 
HD 0.266 1.149 85.0 85.0 
THD 0.192 0.812 92.6 126.3 
Δ 0.075 0.336 7.6 41.3 
CS 
HD 0.463 1.633 85.0 85.0 
THD 0.323 1.125 94.2 131.6 
Δ 0.140 0.508 9.2 46.6 
180 
TS 
HD 0.400 1.723 85.0 85.0 
THD 0.290 1.225 92.2 123.7 
Δ 0.110 0.498 7.2 38.7 
CS 
HD 0.695 2.449 85.0 85.0 
THD 0.497 1.724 93.1 125.8 





Figure 7.1 – Pressure distribution for both TS and CS thrust bearing: HD model (left) and 







Figure 7.2 – Temperature distribution for both TS and CS thrust bearing: temperatures at 
inner, mean and outer radii (left) and through the film thickness (right), for (a) 60 krpm, (b) 
120 krpm and (c) 180 krpm 
7.1.2. Thrust collar angular displacement effects 
In general, the thrust collar may perform radial and tilting displacements. Radial 
displacements of the thrust collar in the 𝑌 and 𝑍 direction have negligible effect on the reacting 
forces and momenta of the thrust bearing (Mittwollen et al., 1991; Storteig and White, 1999), 
so only the effect of the tilting angles 𝜙𝑦 and 𝜙𝑧 are considered. If the thrust collar rotates 
around the 𝑌 and 𝑍 axes, the oil film shape will change accordingly, affecting the pressure 
distribution on each thrust bearing pad. For the rotational speed 180 krpm, the effect of the 
angular misalignment on the pressure and temperature distributions is illustrated on Figure 7.3, 
for the TS TB, and on Figure 7.4, for the CS TB. The aligned thrust collar case (𝜙𝑦 = 𝜙𝑧 = 0) 
is shown in the centre as reference. We observe the runner angular displacement squeezes the 
oil film at one side of the thrust bearing, while the other side opens. This squeezing effect 
increases the pressure of the squeezed pad, while it reduces the pressure on the pads at the 
opposite direction. We also observe temperatures are greater on the squeezed films, due to 
increasing the fluid shear at these pads. It is worth mentioning this analysis considering 
simultaneously the effects of thrust collar rotations and 3D temperature variations is new, as no 




Figure 7.3 – TS TB: (a) pressure distribution and (b) temperature at bearing pad, for different 




Figure 7.4 – CS TB: Pressure distribution (a) and temperature at bearing pad (b), for different 
thrust collar angular displacements 
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The unequal pressure distribution on the bearing pads results in different supported 
loads for each pad, inducing restoring moments around the 𝑌 and 𝑍 axes. This phenomenom is 
particularly strong on the TS TB. For the CS TB, the unequal pad distribution around its 
circumference induces these restoring momenta, even for the aligned case. Integration of the 
pressure distribution over each bearing pad provides the load-carrying capacity of the thrust 
bearing, and the resulting moment around the   origin, which is decomposed in its 𝑦 and 𝑧 
components. These supported axial forces and restoring momenta are shown for both bearings 





Figure 7.5 – Supported axial load and restoring momenta, for different rotational speeds and 
angular displacements: (a) TS TB and (b) CS TB 
Figure 7.5 compares both HD and THD models in predicting the thrust bearing load-
carrying capacity and restoring momenta. The higher pressure values predicted by the HD 
model result in higher predicted loads and momenta (in absolute value), which indicates wrong 
conclusions may be drawn in a thrust bearing analysis if thermal effects are neglected. We 
observe the TS TB forces and moments variation with the angular displacements is almost 
symmetrical with the (0,0) point. This symmetric behaviour is not observed in the CS TB, due 
to the unequal pad distribution. We also observe the axial force changes almost parabolically 
with the collar rotation, which indicates the runner rotation induces nonlinear dynamic 
behaviour of the thrust bearing, in terms of its axial impedance forces. 
7.1.3. Equivalent dynamic coefficients 
To investigate the dynamic characteristics of the double-acting thrust bearing, we refer 
to Figure 7.6 in order to define the bearing static equilibrium position. The total axial clearance 
is the sum of the minimum oil film thickness of both thrust bearings, 𝐶 = ℎ0
𝑇𝑆 + ℎ0
𝐶𝑆. The thrust 
collar may axially displace within this clearance, −𝐶 2⁄ < 𝑥 < 𝐶 2⁄ . In the computational 
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model, the midspan point between both bearings is the the initial position of the thrust collar 
(node 9 on the finite element discretization of the turbocharger shaft, Section 6.1). If the external 
load acting on the thrust collar is 𝑊, then static equilibrium is achieved when 𝑊 = 𝐹𝑥
𝑇𝑆 − 𝐹𝑥
𝐶𝑆. 
In the following simulations, the bearing axial clearance 𝐶 is 90 µm. 
 
Figure 7.6 – Illustration of the thrust collar axial displacement inside the double-acting thrust 
bearing 
Figure 7.7a shows the resulting axial force of the double-acting thrust bearing as a 
function of the thrust collar displacement in the left-hand side ordinate axis, altogether with the 
corresponding minimum oil film thickness of the TS and CS TBs in the right-hand side ordinate. 
Depending on the axial position of the thrust collar, the resulting axial load-carrying capacity 
may either be directed from the turbine to the compressor or the other way around, indicating 
the double-acting thrust bearing capacity to sustain external axial thrusts in both directions. In 
the vicinity of 𝑥 = 0, only small variations of the resulting axial force are observed, but it 
drastically increases as the thrust collar approximates to one of the bearings, squeezing the 
corresponding oil film. As noticed before, THD models always predict lower magnitude forces 
than its HD model counterpart. 
In Figure 7.7b, the resulting moments are shown as function of the thrust collar axial 
displacement. Because the CS TB predicts nonzero momenta for the aligned thrust collar, the 
nonzero resulting moment observed in the figure is the induced CS TB moment on the thrust 
collar. As the compressor side approaches the TS TB (𝑥 → 𝐶 2⁄ ), the CS TB film thickness 
increases, which overall reduces the pressure increase in the CS TB and, consequently, its 
resulting axial load and restoring moments. 
 




Figure 7.7 – Double-acting thrust bearing load-carrying capacity (a) and restoring moments 
(b) as function of the thrust collar axial displacement 
Because the resulting moment is not zero for this particular double-acting thrust 
bearing configuration, two possible linearizations of the thrust bearing forces may be employed. 
Given an external load 𝑊 that must be supported by the double-acting thrust bearing, 
Linearization 1 finds the axial equilibrium position: 
𝐹𝑥
𝑇𝑆(𝑥) − 𝐹𝑥
𝐶𝑆(𝑥) = 𝑊 (7.1) 
which is a univariate function and numerically easier to find its root. This solution, however, 
will predict nonzero restoring moments on the equilibrium position, for the same reasons 
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discussed before. This suggests a second approach: Linearization 2 finds not only the axial 
equilibrium position, but also the zero restoring moments thrust collar rotation: 
{
𝐹𝑥
𝑇𝑆(𝑥, 𝜙𝑦, 𝜙𝑧) − 𝐹𝑥
𝐶𝑆(𝑥, 𝜙𝑦, 𝜙𝑧)
𝑀𝑦
𝑇𝑆(𝑥, 𝜙𝑦, 𝜙𝑧) − 𝑀𝑦
𝐶𝑆(𝑥, 𝜙𝑦, 𝜙𝑧)
𝑀𝑧











From a physical point of view, Linearization 2 seems more reasonable, but introduces 
numerical complications on solving for the roots of the multivariate system of equations. 
Once the equilibrium position is found, the linearized fluid film force and moments 
are evaluated approximating the derivatives by second-order accurate central differnces, 
solving the perturbed Reynolds equation with perturbations of both displacements and 
velocities, in the axial and tilting directions. 
Table 7.2 shows the estimated equilibrium position of the thrust collar, for both 
linearization approaches, for an admitted external thrust force of 50 N and rotational speed of 
120 krpm. Because the external load is positive, 𝑥 is expected to be positive, indicating the 
CS TB sustains the external load. Comparing for the same HD or THD model, both 
linearizations predict similar values for the equilibrium position, with a variation smaller than 
0.4 µm. MATLAB’s built-in function fsolve is utilized in this Section, whose default 
algorithm is the trust-region dogleg, which reduces to a Newton-Raphson scheme in the 
neighbourhood of the nonlinear root. It is also noteworthy the differences on the HD and THD 
models. Both models predict similar equilibrium positions, but the THD model is 
computationally more expensive to solve, which overall increases the total computational time. 
Moreover, the THD model requires more iterations and function evaluations (calling the thrust 
bearing routines, solving the full generalized Reynolds and Energy equations). The more 
realistic model (Linearization 2) demands a much higher computational cost in order to solve 
for the thrust bearing equilibrium position and equivalent coefficients. 










No. of Function 
Evaluations 
1 
HD 32.82 0 0 6 14 
THD 34.51 0 0 9 18 
2 
HD 33.22 -0.3774 -0.6255 8 33 
THD 34.87 -0.3539 -0.5935 35 123 
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Figure 7.8 shows the axial supported load and restoring moments of the double-acting 
thrust bearing, as function of thrust collar displacements (Figure 7.8a) and velocities (Figure 
7.8b). The axial load and restoring moments are evaluated for a range around the equilibrium 
position, solving the full nonlinear Reynolds equation (solid lines) and estimating it from the 
equivalent bearing dynamic coefficients. The red lines show the predictions of the THD model, 
while the blue lines show the results for the HD model. 
 
Figure 7.8 – Linearization 1: Comparison of full nonlinear (solid lines) and linearized (dotted 
line) axial load and restoring moments at 120 krpm, for (a) displacements and (b) velocities 
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Nine graphs are shown for the variation of the force and moments (𝐹𝑥, 𝑀𝑦 and 𝑀𝑧) as 
function of the thrust collar axial displacement and rotations (𝑥, 𝜙𝑦 and 𝜙𝑧). The axial force 
magnitude increases with the axial displacement (𝐾𝑥𝑥), as the CS TB film is squeezed, also 
increasing the magnitude of restoring moments (𝐾𝑦𝑥 and 𝐾𝑧𝑥). In Linearization 1, the thrust 
collar is assumed aligned to the thrust pads, so moments are not zero in the equilibrium position. 
The figure also illustrates the axial force changes with thrust collar rotation (𝐾𝑥𝑦 and 𝐾𝑧𝑦).The 
highly nonlinear behaviour of the axial force with collar displacements indicates linearization 
of the fluid film forces with respect to its displacement is not suitable. However, a good 
agreement between the estimated forces and corresponding linearized damping forces is 
observed in Figure 7.8b, which agrees with the findings of Mittwollen et al. (1991) and Storteig 
and White (1999), indicating the suitability of approximating damping forces by equivalent 





Figure 7.9 – Linearization 2: Comparison of full nonlinear (solid lines) and linearized (dotted 
line) axial load and restoring moments at 120 krpm, for (a) displacements and (b) velocities 
The more realistic linearization predicts a different equilibrium position, specially 
related to the runner rotation. The forces estimated around this new equilibrium position are 
compared with the linearized forces in Figure 7.9. The same overall conclusions observed in 
Figure 7.8 are also valid for this case, the high nonlinear characteristic of the axial net force and 
restoring moments with the runner displacements. For this case, however, the restoring 
moments are linearized around 0. We observe a similar behaviour for direct (𝐾𝑦𝑦 and 𝐾𝑧𝑧) and 
cross-coupled (𝐾𝑦𝑧 and 𝐾𝑧𝑦) terms, which was not observed for the aligned collar-pad case. 
Relative to the damping forces, this linearization also predicts quasi-linear behaviour of the 
forces and moments with the runner velocities, which indicates that, even though the full 
linearization of the double-acting thrust bearing axial force and restoring moments is not 
possible, the terms relative to the thrust collar velocity (the damping forces) may be 
approximated by linear damping coefficients. 
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7.2. Turbocharger theoretical analysis 
7.2.1. Linear analysis of turbochargers 
Figure 7.10 presents a holistic Campbell diagram of the entire turbocharger system, 
supported by both floating ring and double-acting thrust bearings. This holistic diagram depicts 
together the natural frequencies, modal damping and precession of mode shapes (Dyk et al., 
2020). In the Campbell diagram, the red-yellow markers show the (in a linear sense) unstable 
modes (𝜉 < 0), while the blue-green markers indicate stable modes (𝜉 > 0). Even though linear 
analysis is not suitable to analyse turbocharger rotor dynamic phenomena, this diagram is useful 
to investigate the overall expected behaviour of the turbocharger. It is possible to observe the 
Campbell diagram is difficult to analyse and several different modes are present due to the high 
nonlinear floating ring bearings. 
 
Figure 7.10 – Campbell diagram of turbocharger system supported by rotating floating ring 
and thrust bearings 
In the Campbell diagram, it is possible to identify three unstable modes at frequencies 
lower than the shaft speed. The low frequency unstable modes correspond to both the rigid body 
conical and cylindrical forward modes. It is important to notice the cylindrical forward mode 
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becomes unstable after a threshold speed, while the conical forward mode is unstable at the 
whole operating speed range. A third unstable mode is identified relative to the compressor side 
ring mode. This mode is unstable only in a limited range of the operating speed. Interestingly, 
up to three unstable modes can be found at a single rotor speed. This agrees with the linear 
analysis of an automotive turbocharger of Dyk et al. (2020). 
The natural mode shapes corresponding to each eigenfrequency involved at 140 krpm 
are shown in Figures 7.11-7.13. For each natural frequency, the top figure shows the relative 
displacements in 𝑌𝑍 plane of each node along 𝑋 axis, while the corresponding axial 
displacements are shown in the bottom figure. The modes magnitudes refer to the eigenvector 
coordinates proportionality. 
 
Figure 7.11 – Rigid body modes: (a) backward rigid body conical mode, (b) axial mode, 
(c) unstable forward rigid body conical mode and (d) unstable forward rigid body cylindrical 
mode 
Figure 7.11 illustrates the rigid body modes of the analysed turbocharger: (a) backward 
and (c) forward (unstable) rigid body conical modes, at 2.24 and 10.5 krpm; (b) axial rigid body 
mode, at 5.15 krpm; and (d) forward (unstable) rigid body cylindrical mode, at 17.1 krpm. 





precession of the shaft with both rings high displacement; (b) shaft forward precession with 
high orbit of turbine side ring; and (c) shaft forward precession with high orbit of compressor 
side ring. Figure 7.13 illustrates the turbocharger bending modes: (a) backward and (b) forward 
U-bending mode; and (c) backward and (d) forward S-bending mode. The modes obtained for 
the turbocharger agree with the predicted modes of Schweizer (2009b) and Tian et al. (2011). 
 
Figure 7.12 – Ring modes: (a) both rings, backward precession, (b) TS ring, forward 
precession, (c) CS ring, forward precession 
Differences on the predicted modes, compared to results from the literature, relate to 
the linearization of the floating ring bearing and the inclusion of the thrust bearing in the 
turbocharger model. While Schweizer (2009b) combines both inner and outer oil films to get a 
total impedance and approximates the bearing dynamic characteristics by constant isotropic 
elastic bearings (which greatly simplify the analysis, but deviates from the actual system), Tian 
et al. (2011) considers the effect of linearizing both inner and outer film, considering the ring 
mass, but assumes a constant ring speed ratio (of 0.27) for the whole operating speed. Dyk et 
al. (2020) propose an even better linearization, a coupled linearization of both fluid films, 
solving the static equilibrium position simultaneously of both fluid films and considering the 
ring speed as an additional degree-of-freedom, so the ring speed is also calculated for each 





that none of the aforementioned papers includes the thrust bearing in the turbocharger rotor 
model, which creates additional modes relative to the axial displacements of the rotating 
system. 
 
Figure 7.13 – Bending frequency modes: (a) backward U-bending mode, (b) forward U-
bending mode, (c) backward S-bending mode and (d) forward S-bending mode 
7.2.2. Instability of floating ring bearings 
To investigate the high nonlinear and unstable characteristic of the floating ring 
bearings, the first simulations entirely neglects the thrust bearing and axial displacements. The 
model considers only a small level of unbalance on both turbine and compressor wheels, as 
shown in Table 7.3. This level of unbalance was suggested by the TurboScience GmbH, being 
identified in a similar turbocharger, but on a different test rig. 
Table 7.3 – Unbalance levels of rotor wheels 
Parameter Turbine Wheel Compressor Wheel 
Mass unbalance (g.mm) 0.177 0.0473 
Phase (rad) 0 0 
Assuming as initial conditions the static equilibrium (𝒒𝑆𝐸) position of the system, with 





floating ring bearings. The static equilibrium position is determined solving the equations of 
motion (4.49), neglecting the dynamic, transient and external forces, 𝑲𝒒𝑆𝐸 = 𝒇𝑠 + 𝒇ℎ, being 
𝒇𝑠 the static load due to the weight and 𝒇ℎ the reaction forces from the bearings. Figure 7.14 
shows the orbits of the journal and the ring of both FRBs, at turbine side (TS RFRB) and 
compressor side (CS RFRB), for two different rotational speeds, 100 krpm (Figure 7.14a) and 
200 krpm (Figure 7.14b), while Figure 7.15 shows the ring speed ratio (𝑅𝑆𝑅 = Ω𝑟 Ω𝑗⁄ ) for both 
rings and both cases. The total time span of the simulation is 0.5 second. The colour scale is 
specifically chosen in order to emphasize time during the transient evolution of orbits. 
The orbits are shown for both the journal and the ring in the inertial axes of reference, 
the absolute displacements relative to the bearing housing, and also for the journal orbit relative 
to the ring. It is possible to see the journal orbit is nearly centred on the ring centre, the big 
displacements of the radial bearings relate to the ring orbits. It is possible to observe the static 
equilibrium position is unstable and the self-excitation of the floating ring bearing is particularly 
strong. Both journals and rings rapidly diverge from the initial condition (with respect to the 
inertial axes), indicating the unstable characteristic of this radial bearing. However, the 
trajectories reach and remain within a limit cycle, smaller than the bearing clearances. This 
shows that, even though, at least in a linear point of view, the floating ring bearings are unstable, 






Figure 7.14 – Orbits of both RFRB: journal and ring displacements relative to bearing 
housing and journal displacement relative to ring, for (a) 100 krpm and (b) 200 krpm 
Figure 7.15 shows that the ring speeds change with time in the quasi-static state 
(constant rotational speed) until reaching the limit cycle orbits, which indicates permanent 
regime is suitable to estimate the ring speeds. 
 
Figure 7.15 – Ring speed ratio of both RFRB, for both rotational speeds of 100 and 200 krpm 
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The oscillating behaviour of the ring speeds depends on the ring and journal orbits on 
the bearing, as the shear-driven torques in the inner and outer films depend on the inner and 
outer film pressure distributions. Evidently, the correct estimative of these orbits depends on 
the accurate selection of the time step in the nonlinear implicit Newmark-, as shown in Figure 
7.16, for the rotational speed of 100 krpm. The zoom in both figures shows the oscillatory 
variation of the ring speed is not well captured for bigger time steps in the CS ring. Clearly, the 
time step should be chosen in order to capture all frequency components of the turbocharger 
motion, but not small enough so the total computational time be prohibitively large. It is 
expected the turbocharger to comprehend sub-synchronous and synchronouos frequency 
components on its resultant motion. Bathe (2014) recommends a time step at least as large as 
one tenth of the smallest time period of the system. The highest frequency component is the 
200 krpm synchronous frequency and, consequently, one tenth of its period is 3×10-5 s. In 
Figure 7.16, the oscillatory behaviour of the CS ring speed is not predicted for the time steps of 
1×10-4 s and 5×10-5 s. 
 
Figure 7.16 – Estimated ring speed ratios, for different time steps (shaft rotational speed is 
100 krpm) 
A suitable time step must be chosen in order to ease the computations. Figure 7.17 
illustrates the total computational time to obtain the results of Figure 7.16. Smaller time steps 
may reduce errors during time integration, but time steps too small render the simulation time 
excessively large. In the subsequent simulations, the chosen time step is 5×10-6 s, in order to 




Figure 7.17 – Total computational time of constant rotational speed analysis, for different 
time steps 
7.2.3. Run-up analysis 
 
Figure 7.18 – Vertical displacement of both shaft ends during (a) the run up analysis, (b) first 
instability transition and (c) end of simulation 
Figure 7.18 shows the vertical displacement of both ends of the shaft when the system 
is accelerated (with a constant acceleration) from 0 to 200 krpm in 10 seconds. The initial 
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conditions are assumed to be identically zero, 𝒒0 = 𝟎, except for the vertical ring 
displacements, to avoid division by zero in the dimensionless short bearing solution, Equation 
(5.14). The initial ring displacements are assumed to be equal to one thousandth of the floating 
ring outer clearances. Two selected time intervals are highlighted, showing that the first 
instability, beginning around 1.5 s, excites a conical mode (as shown by the out of phase vertical 
displacements of both shaft ends), while at the end of the simulation, the instability is composed 
of both a conical and cylindrical modes, as the vertical displacements can eventually be in-
phase or out-of-phase. 
 
Figure 7.19 – Journal and centre of ring orbits of both RFRB during run up analysis 
The journal and ring orbits for this run up case are shown in Figure 7.19. It is possible 
to see, as before, that the system reaches a limit cycle and maintain its displacements within 
this limit cycle, never reaching the bearing clearances. The unstable film can also be identified 
plotting the dimensionless eccentricities of the inner and outer films, shown in Figure 7.20. We 
observe that at around 1.8 s, the CS ring centre reaches a high eccentricity in the outer film 
(greater than 0.6), indicating an unstable condition, inducing oil whirl on the rotating system. 
As the rotational speed increases, both TS and CS ring centres reach a high eccentricity in the 
outer films, and both become unstable, exciting both the cylindrical and conical modes of the 
system. The rapid oscillations observed are due to the almost caotic behaviour of the ring orbit 




Figure 7.20 – Dimensionless eccentricities of journal and ring of both RFRB 
Figure 7.21 shows the ring speed ratio calculated for each time step during this run up 
analysis. It is possible to observe the TS ring has smaller ring speeds than the CS ring, but both 
ring speed ratios remain below 50% of the shaft rotation speed. 
 
Figure 7.21 – Ring speed ratio of both RFRB during the run up analysis 
Run down simulations were done for the same conditions, with the turbocharger 
decelerating from 200 krpm to 0 in 10 s. No differences were observed in the presented results 
nor in the spectrum frequency. Tian et al. (2011, 2012) investigates the influence of several 
parameters on the turbocharger lateral response in run up and run down conditions and observes 
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that both cases are equivalent and predict the same overall behaviour and sub-synchronous 
oscillations of typical automotive turbochargers. 
7.2.4. Thrust bearing influence on lateral oscillations 
To investigate the effect of the thrust bearing on the lateral oscillations of the 
turbocharger, an external axial thrust increases from 0 to 100 N in the first second, remaining 
constant for the rest of the runup analysis, as shown in Figure 7.22. The axial displacement of 
the thrust collar, as a function of time, is also displayed in Figure 7.22. As the external thrust 
increases, so does the thrust collar, in order to the CS TB load-carrying capacity to counter 
balance the external axial load. As soon as the external load remains constant and the rotational 
speed increases, the thrust collar tends to go back to its initial position, increasing the minimum 
oil film thickness of the CS TB. 
 
Figure 7.22 – Axial displacement of thrust collar and assumed external axial thrust 
With the thrust bearing, the vertical displacements of both shaft ends are shown in 
Figure 7.23. It is possible to see the thrust bearing is able to suppress the floating ring instability 
up until around 4.5 s, giving a quite different response than the one observed in Figure 7.18. 
This result shows the necessity to include the thrust bearing on turbocharger simulations, as it 




Figure 7.23 – Vertical displacement of both shaft ends during run up analysis, including the 
thrust bearing on the simulations 
It is also useful to observe the results of Figures 7.18 and 7.23 in frequency domain. A 
spectrogram is calculated using the pspectrum function from MATLAB, as part of the post-
processing analysis. The spectrogram for the analysis without the thrust bearing is shown in 
Figure 7.24. It is possible to see a strong frequency component close to one half the ring speed 
at turbine side (indicating the self-excited phenomena of oil whirl/whip) and a small frequency 
component of the synchronous, 1x frequency. The calculated spectrogram for the same runup 
analysis, considering the thrust bearings in the simulation are shown in Figure 7.25. It is 
possible to see the major sub-synchronous frequency is suppressed up until about 95 krpm. 
 
Figure 7.24 – Spectogram of the run-up analysis without the thrust bearing: vertical 




Figure 7.25 – Spectogram of the run-up analysis with the thrust bearing: vertical displacement 
of shaft end at (a) turbine side and (b) compressor side 
7.2.5. Effect of oil temperature variations on turbocharger oscillations 
Inclusion of temperature variations in the turbocharger dynamic model significantly 
changes the turbocharger response. Differences of a purely hydrodynamic model (assuming a 
constant oil temperature equal to the replacement oil temperature) and a thermo-hydrodynamic 
model (considering temperature variations on both floating ring and thrust bearings) are 
illustrated in this section. It is assumed the turbocharger operates at a constant rotational speed 
of 120 krpm and it is axially excited with the harmonic force 𝑓𝑎𝑥 = 𝐴0 + 𝐴1 sin𝜔𝑡. This 
harmonic force represents an axial thrust excitation due to engine operation, with a cycle 
average (static) value 𝐴0 directed from the turbine to the compressor and a cycle resolved 
(dynamic) thrust load 𝐴1 (Lüddecke et al., 2015). We consider the more realistic case of a 
nonzero cycle average thrust force and assume 𝐴0 = 𝐴1 = 25 N, which is approximately 10 
times the turbocharger weight. The excitation frequency 𝜔 = 628 rad s⁄  is twice the engine 
speed rotating at 3000 rpm. 
Figure 7.26a illustrates the axial displacement of the compressor side shaft end, for the 
first ten cycles of the axial excitation force. It is noteworthy the oscillation amplitude of the 
turbocharger shaft is higher for the THD model, given the lower load capacity of the double-
acting thrust bearing predicted accounting for temperature variations, as the oil film is more 
squeezed to sustain the external thrust force. Fluid-induced instability is predicted to begin 
around 0.03 s for the HD model, while in the THD model it begins much earlier, around 0.01 s. 
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This self excited vibration excites the turbocharger conical mode (sub1), increasing the 
differences predicted by the HD and THD models, as illustrated in Figure 7.26b-c, showing 
both shaft ends vertical displacements. The amplitude of the vertical displacements delimited 
by the floating ring bearings, and the THD radial bearing model also predicts higher amplitude 
for the turbocharger lateral vibrations. Figure 7.26d shows the predicted ring speeds of both 
floating ring bearings. The differences are more accentuated for the bearing at turine side (TS 
FRB), as the THD model predicts lower ring speeds. We emphasize the necessity to include 
thermal effects in the turbocharger bearing modelling (Peixoto and Cavalca, 2020), as design 
assuming purely hydrodynamic bearings may underestimate turbocharger oscillations and 
overestimate the bearings load capacities. 
 
Figure 7.26 – Differences on predicted (a) axial and (b,c) vertical displacements and (d) both 
floating ring speeds, between the HD and THD models 
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7.3. Experimental results 
A rundown experimental analysis was accomplished in the turbocharger. Throttle 
variations allow the control of the pressure ratio on the compressor wheel, defining the 
operation point of the turbocharger and the air mass flow in both the compressor and turbine 
wheels, as shown in Figure 7.27. 
 
Figure 7.27 – Operation point on compressor map during run down analysis  
The shaft rotational speed was measured and the net axial thrust force was estimated 
by means of the pressure, temperature and mass flow measurements on the turbine and 
compressor inlet and outlet. Figure 7.28 shows the net axial thrust acting on the turbocharger 
rotor (in green) and the measured rotational speed (in purple). These two curves are the input 
data for the simulations. In order to input smooth, continuous function on the simulations, a 
Fourier Function fitted the experimental data. The curves were approximated by the 
expressions: 


















with order 𝑁 = 8. MATLAB’s built-in function fit allows the determination of the 
coefficients 𝑎𝑖, 𝑏𝑖 and 𝜔Ω for fitting the measured shaft rotational speed and the coefficients 𝑐𝑖, 
𝑑𝑖 and 𝜔𝑓 for fitting the estimated net axial thrust. This fit is a continuous function, with 
continuous derivatives, which is numerically advantageous, to avoid errors on derivatives 
estimates (for the shaft acceleration). Direct interpolation of the data is also avoided, to 
disregard spurious, outlier data on the measurements. 
 
Figure 7.28 – Measured shaft rotational speed and estimated net axial thrust force from 
measurements 
The displacement was measured on the compressor-side shaft end. The axial (𝑥), 
horizontal (𝑦) and vertical (𝑧) displacements were measured during the rundown, as shown in 




Figure 7.29 – Measured axial, horizontal and vertical displacements of compressor side shaft 
end and measured shaft rotational speed 
The same test conditions were simulated on a run down analysis. Figure 7.30 shows 
both simulated and measured axial displacements. Even though the overall behaviour of both 
curves are similar, the results are not satisfactory. The simulated response does not predict the 
correct amplitudes for the synchronous frequency component. In frequency domain, the 
spectrograms in Figure 7.31 show the experimental results have a strong synchronous frequency 
component. In the simulations, however, only a small synchronous component can be seen. 
These results show there is a coupling between the axial and lateral motion, but the simulations 




Figure 7.30 – Comparison of predicted and measured axial displacements in time domain 
 
Figure 7.31 – Comparison of (a) measured and (b) simulated axial displacements in frequency 
domain 
The same tendency is observed in the horizontal and vertical displacements, Figures 
7.32 and 7.33. It is possible to see that simulations predict a much lower amplitude at lower 
rotational speeds than the measured results. In frequency domain, the magnitude of the 




Figure 7.32 – Comparison of predicted and measured (a) horizontal and (b) vertical 
displacements in time domain 
 
Figure 7.33 – Comparison of (a) measured and (b) simulated horizontal displacement in 
frequency domain 
Another critical parameter to accurately estimate the turbocharger rotor dynamic 
behaviour is the ring speed. The measured and initial simulated ring speed ratio (RSR) is shown 
in Figure 7.34. It is possible to see that the overal behaviour of both curves agree in general, 
except for an offset. Simulations are predicting much higher ring speeds than the measurements. 
The fast drop in the simulated ring speed observed in the beginning of the simulations are due 





Figure 7.34 – Comparison of predicted and measured ring speeds: (a) turbine side and (b) 
compressor side 
7.3.1. System parameter adjusting 
Because simulations predicted considerable discrepancies between simulation results 
and measurements, an investigation on the rotor dynamic parameters started to better adjust 
values for unbalance moments in the wheels (rotors) and rings. The turbocharger was not 
balanced in situ, namely, after assembled in the test bench, so it is crucial to accurately predict 
the actual unbalance levels of the tested turbocharger. 
7.3.1.1. Rotor wheels unbalance levels 
Tian et al. (2013) investigated the effect of the unbalance level on the nonlinear 
transient response of turbochargers, noticing that very different expected behaviours can be 
observed depending on the unbalance level. Either the self-excited floating ring phenomena can 
excite sub-synchronous oscillations or the 1x component may dominate the response. Also, oil 
whirl/whip can occur in the inner, outer or both fluid films simultaneously. Because the 
experimental results were predicting much higher oscillations, the analysis focuses on the 
unbalance levels of the turbine and compressor wheels. The first 3 seconds of the simulation, 
as shown in Figure 7.35, remain with an approximately constant rotational speed. Hence, the 




Figure 7.35 – Measurements of horizontal displacement and rotational speed, highlighting the 
constant rotational speed during the beginning of the run down analysis 
Following the findings of Tian et al. (2013), the levels of unbalance of the turbine and 
compressor wheel were identified as presented in Table 7.4. These expressively higher levels 
of unbalance induce the total instability phenomena (Schweizer, 2009b) and a strong 
synchronous component of the response, similar to the measured data. Because similar results 
were obtained for both horizontal and vertical directions, in this section, for brevity, only the 
results for one of them is presented. 
Table 7.4 – Identification of the turbine and compressor wheel unbalance level 
Parameter Turbine Wheel Compressor Wheel 
Mass unbalance (g.mm) 7.08 1.892 
Phase (rad) 0 0 
Figure 7.36a shows the results for one second, while Figure 7.36b, the same results in 
frequency domain. At this point of the system parameter estimation, the signal was not 
windowed nor filtered before calculating the FFT. It can be seen, in time domain, the overall 
amplitude of both simulation and experiment are in quite good agreement, but the experimental 
data, in frequency domain analysis, shows low frequencies, still not represented in simulations, 




Figure 7.36 – Comparison of predicted and measured horizontal displacements for the 
identified unbalance levels, in time and frequency domain 
These low frequency components are due to the ring rotation speeds, shown in Figure 
7.37. It is possible to observe that the predicted ring rotation speeds still present an offset from 
the measured ring speeds. 
 
Figure 7.37 – Comparison of predicted and measured ring speeds, for both (a) TS and (b) CS 
bearings 
7.3.1.2. Ring unbalance levels 
To investigate the effect of the ring speed on the simulations, and because the rings 
has 6 holes drilled on its body, it is expected they could not be perfectly balanced. In addition, 
the fluid inertia and other unknown sources may add some extra unbalance on the rings, during 
the transient analysis. Several simulations were performed for different levels of ring unbalance, 





Table 7.5 – Identification of the ring unbalance level 
Parameter Rings 
Mass unbalance (g.mm) 212 
Phase (rad) 𝜋 
Figure 7.38 shows the comparison between simulation and experiment in frequency 
domain for both horizontal and vertical displacements of the shaft left-hand side. It is possible 
to observe a good agreement in the 1x component and that this level of ring unbalance can 
predict frequencies close to the 20 and 40 krpm components. The simulations, however, also 
predict a 11 krpm frequency, about half of the ring speed, not observed in the experiment. 
 
Figure 7.38 – Comparison of predicted and measured horizontal and vertical displacements 
for the identified unbalance levels in the rings, in frequency domain 
The complete rundown analysis with these levels of unbalance on both wheels and 
rings and the measured experimental thrust force shows, in Figure 7.39, the axial displacement. 
It is possible to see that the predicted amplitude levels of the simulations are much smaller than 





Figure 7.39 – Comparison of predicted and measured axial displacements for the identified 
unbalance levels in the wheels and rings 
 
Figure 7.40 – Spectrograms for comparison of (a) measured and (b) predicted axial 
displacements for the identified unbalance levels in the wheels and rings 
7.3.1.3. Axial harmonic excitation 
The measurements of the air mass flow, pressure and temperature – to estimate the 
external axial thrust – have a sampling frequency of 10 Hz. Consequently, in the axial thrust 
force estimate, any frequency component greater than that was not captured by the sensors 
measurements used to estimate the net axial thrust. A strong axial-lateral coupling was 
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identified, leading to the assumption the shaft can be axially excited with a 1x harmonic force 
component, superimposed with the net axial thrust: 
𝐹𝑎𝑥 = 𝜒(Ω
2 cos𝜙 + 𝛼 sin𝜙) (7.5) 
This force component has the same form as the unbalance force – being a component 
proportional to the square of the rotational speed and another proportional to the shaft 
acceleration. Several simulations were performed in order to find the best value of the 
proportional constant χ. This value was identified to be 𝜒 = 1.99 × 10−6. With this value, the 
rundown simulation provides the axial displacement shown in Figure 7.41, in frequency 
domain. A better agreement between simulation and experiments can be now observed. 
 
Figure 7.41 – Comparison of predicted and measured axial displacements with the addition of 
a harmonic axial force component, in frequency domain 
The thermal modelling of the thrust bearing predicts the average film temperature 
shown in Figure 7.42, while it predicts the minimum oil film thickness shown in Figure 7.43. 
The minimum film thickness is greater than 10 µm, so we can safely assume the bearing 




Figure 7.42 – Average film temperature of both CS and TS thrust bearings 
 
Figure 7.43 – Predicted minimum oil film thickness 
The thermal modelling of the floating ring bearings predicts the equivalent inner and 
outer film temperatures shown in Figure 7.44, a ring speed ratio as in Figure 7.45, and horizontal 
and vertical displacements as shown in Figure 7.46. In frequency domain, we observe a good 




Figure 7.44 – Predicted effective temperature of both films in both floating ring bearings 
 





Figure 7.46 – Comparison of predicted and measured horizontal displacements, for both TS 
and CS bearings, in time domain 
 
Figure 7.47 – Comparison of predicted and measured horizontal displacements, for both TS 
and CS bearings, in frequency domain 
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Bigger differences on the ring speeds are observed at the end of simulation/experiment, 
for low rotational speeds. Also, in the spectrograms of Figure 7.47, the super-harmonic 
components identified in the measurements (for 𝑡 > 20) are not as strong in the simulations. It 
is worthy notice, however, that at low rotational speeds, foundation effects may become 
important. San Andrés et al. (2009) and Tian et al. (2011) both investigated the foundation 
effect on the lateral response of a turbocharger, finding a threshold speed of 70 krpm and 
45 krpm, respectively. In an actual turbocharger mounted on an engine, the engine frequency 
is very low. Typical engine speeds are in the range 1.0 to 3.6 krpm and the frequency of engine-
induced excitations on the turbocharger are typically twice the engine speed (San Andrés et al., 
2009). If the engine interaction will be considered in the turbocharger analysis, especially for 
low turbocharger speeds, foundation effects will be important. 
For turbochargers rotating at lower speeds than the identified 45 or 70 krpm threshold, 
foundations effects cannot be neglected and may influence lateral oscillations of turbochargers 
during time transient analysis. Unfortunately, no information of the test rig wherein the 
investigated turbocharger is mounted is available, so it cannot be modelled and foundations 
effects cannot be included in the model. We observe a good agreement of both ring speeds in 
Figure 7.45 and for both spectrograms in Figure 7.47 for higher rotational spees (for 𝑡 < 15). 
Direct comparison of simulation and experiment for 𝑡 > 15 is complicated, as the shaft 





This work consisted in a development a thermo-hydrodynamic model of a double-
acting thrust bearing and, in the sequence, introduced the thrust bearing model in a complete 
rotordynamic model of a turbocharger, investigating its coupling effects with the lateral 
response of the system in a time transient analysis. The novelty of the developed model 
consisted in analysing the axial-lateral coupling effects in this type of rotary machine, including 
thermal effects in boh the axial and radial bearings. 
With respect to the double-acting thrust bearing, we noticed the isothermal (HD) 
model overpredicts the load-carrying capacity of the the thrust bearing, and a full THD model, 
considering heat transfer by convection and conduction in the three spatial directions, must be 
utilized to better estimate the oil film temperature and, consequently, the pressure distribution 
and supported axial load, which ultimately may lead to erroneous predictions of the bearing 
load-carrying capacity if an isothermal model is assumed. Evaluation of the three-dimensional 
temperature distribution is required to better predict the viscosity decrease with temperature, as 
simpler models may underestimate the temperature rise, especially for the high rotating speeds 
the bearings in a turbocharger operate. The work also investigated the effect of the thrust collar 
rotation in both the axial load and restoring moments. Tilting of the thrust collar changes the 
pressure distribution throughout the thrust bearing, changing the bearing supported load and 
inducing restoring moments. The behaviour of the axial force and restoring moments with the 
thrust collar displacements is highly nonlinear, and approximating it by equivalent linear 
coefficients is unsuitable. However, linearization of these force and momenta with respect to 
the thrust collar velocities is acceptable, as in equivalent damping coefficients. 
The model of the turbocharger supported by floating ring bearings verified the highly 
unstable and nonlinear characteristics of this type of radial bearing. The static equilibrium 
position of the system is unstable and a time transient analysis revealed the turbocharger rapidly 
diverges from the equilibrium position, but reaches a limit cycle smaller than the radial bearing 
clearances. Inclusion of the thrust bearing in the rotating turbocharger model had a great effect 
on the lateral response of the system, illustrating the capacity of the double-acting thrust bearing 
to influence the radial motion of the rotating shaft. This indicates the necessity of including in 
a reliable turbocharger rotordynamic model the thrust bearing and the thrust collar rotations 
effect to capture this axial-lateral coupling effect. The developed model is also capable to 
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predict the oil film temperatures, as most current works in turbocharger rotor dynamics neglect 
this effect, in order to reduce the total computational time. Inclusion of thermal effects allows 
a better estimate of the bearing supported loads, as the variation of viscosity with temperature 
may be expressive. 
Finally, a turbocharger mounted on a test rig was experimentally investigated. The 
experimental analysis showed the necessity to include both radial and thrust bearings in the 
model, also including thermal effects in the oil films to better match experiment and simulation. 
In the investigated turbocharger, it was verified self-induced vibrations due to oil whirl is 
particularly strong and a correct estimate of the system parameters is crucial in order to accurate 
simulate the response of the rotating system. Interestingly, high levels of mass unbalance were 
identified in the turbocharger, but the bearings were capable to sustain the high unbalance loads 
and the turbocharger could safely operate in all ranges of operating speed. It was also verified 
the inclusion of foundation effects is mandatory for analysis at low rotational speeds, as it can 
influence the lateral motion of the shaft. 
The contributions of the work are the development of a complete thermo-
hydrodynamic model of a double-acting thrust bearing, including in the energy equation 
convection and conduction in all three spatial directions, also accounting for thrust collar tilting. 
Another contribution is the inclusion of the thrust bearing in a complete turbocharger model, 
evidencing the axial-lateral coupling in this particular system. A simplified THD model for the 
floating ring bearings was also proposed. Finally, inclusion of thermal effects in both the 
floating ring and thrust bearings allows the evaluation of the temperature evolution in all the 
bearings, during a time transient analysis, which is another novelty of the work. The 
turbocharger is a highly complex, multiphysics system, comprehending, among other effects, 
the fluid-structure interaction, oil whirl/whip in the radial bearings, aerodynamic loads on the 
turbine and compressor and lateral and axial coupling. The rotor dynamic analysis of this 
system is quite complex, particularly due to the high rotational speeds it can achieve, and the 
presented work can handle all these effects and efficiently evaluate the nonlinear, time transient 
dynamic response of the system. 
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8.1. Future works 
Several improvements of the current work can be investigated. A great part of the 
current work dealed with the numerical model and implementation of the turbocharger, 
supported by both the axial and lateral bearings. Developments in these models can either 
enhance the model or aim to reduce the computational cost in evaluating this highly nonlinear 
system. 
With respect to the thrust bearing thermal model, the most limiting assumption is the 
neglection of thermal and elastic distortions of the bearing pads and runner. Although elastic 
distortions are expected to be small and may be neglected, thermal effects may change the oil 
film shape, ultimately changing the bearing supported load and restoring moments. This effect 
is particularly important in larger bearings. The developed model solve the constitutive 
equations in dimensionless form, so the developed code is suitable to analyse any thrust bearing, 
provided thermal distortions can be neglected. For cases where this hypothesis fails, this is an 
important effect one can investigate. Other pursue is in reducing the total computational time 
in solving the Energy equation. Either some reduction on the Energy equation may be 
investigated, in order to reduce the computational cost in solving the thermal model, or 
acceleration techniques in solving the resulting discretized linear system for the temperature 
field may be investigated. 
The most limiting assumption in the radial bearing model is the short bearing 
hypothesis. This assumption simplified the analysis and implemented code in the radial 
bearings, but it does not allow inclusion of other effects in the floating ring modelling. The 
effect of neglecting the pressure variation with respect to the circumferential coordinate in the 
Reynolds equation is suitable for bearings with a length-to-diameter ration smaller than 0.5, but 
most floating ring bearings utilized nowadays in automotive turbochargers have a 𝐿 𝐷⁄  ratio in 
the range 0.5 < 𝐿 𝐷⁄ < 0.75, which indicates the assumed short bearing hypothesis may not be 
valid for all FRBs typically found in automotive turbochargers. Development of the full 
Reynolds equation applied for radial bearings also allows the investigation of the turbocharger 
response with respect to other paramters, such as the oil injection pressure and the effect of the 
feeding holes and the feeding grooves in the rings and bearing housing. Inclusion of thermal 
effects as in a generalized Reynolds equation solved altogether with an Energy equation also 
better estimates the oil temperatures and thermal distortions of the journal, ring and housing. 
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The time integration scheme to analyse the time transient response of the turbocharger 
was the nonlinear Newmark- scheme, an implicit method. This is the preferred choice for 
nonlinear systems, as implicit methods are typically more stable than explicit methods. 
However, better methods than the Newmark- have been proposed, in order to reduce the total 
computational time. This reduction may either be achieved with a better scheme, capable of 
capturing all frequency components of the response with larger time steps, or by reducing the 
computing time of the nonlinear system of equations, in this work done with Newton-Raphson 
iterations. The bottleneck of the implemented routine is the evaluation of the Jacobian matrix, 
due to estimates of the derivatives of the bearing forces by means of finite differences. 
Strategies to reduce the total computing time in solving the nonlinear system of equations may 
also be fruitful. Reduced order models may also diminish the number of equations of motion of 
the system, ultimately shortening the total computing time. 
Finally, with respect to the experimental results, some effects neglected in the model 
can be included in order to better simulate the turbocharger response. Especially for low 
rotational speeds, foundation effects are particularly important and may change the lateral 
response of the turbocharger. Other effects that can induce the super-harmonics observed in the 
experiment is shaft misalignment, which can also be investigated. 
8.2. Published papers 
As a result of the current PhD work, three papers were published. In Peixoto et al. 
(2019), we investigated possible simplifications on the Energy equation, to ease computations 
of the thermal field. In Peixoto and Cavalca (2019), we investigated both the effect of the thrust 
collar angular displacements and temperature variations in a thrust bearing and the suitability 
of approximating the thrust bearing dynamic behaviour by equivalent linear coefficients. In 
Peixoto and Cavalca (2020), we investigated the turbocharger dynamic behaviour, supported 
by floating ring bearings and a double-acting thrust bearing, with inclusion of temperature 
variations on both bearings, observing the thrust bearing influence on lateral oscillations and 
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Appendix A Derivation of floating ring bearing torques 
Derivation of the equation for friction torques on both inner and outer films begins 
with the general expression for the inner and outer film torques (San Andrés and Kerth, 2004): 





































































































From the short bearing hypothesis, the circumferential pressure gradient is neglected 
(𝜕𝑝 𝜕𝜃⁄ = 0). Deriving the film thickness expressions, Equation (5.5), and substituting in 








































(𝑦𝑗𝐹𝑖𝑧 − 𝑧𝑗𝐹𝑖𝑦) 
(A.3) 
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(𝑌𝑟𝐹𝑜𝑧 − 𝑍𝑟𝐹𝑜𝑦) 
(A.4) 























































√𝐶𝑜2 − 𝑌𝑟2 − 𝑍𝑟2
) 
(A.5) 
Substituting (A.3)- (A.5) in (A.1), the final expressions for the inner and outer film 
torques are (Tian et al., 2011; Peixoto and Cavalca, 2020): 
𝜏𝑖 = 2𝜋
𝜇𝑖𝑅𝑟𝑖



















Appendix B Coefficients of discretized thrust bearing equations 






























Figure B.1 – General, bidimensional, dimensionless finite volume centred at node 𝑃 and its 
neighbour nodes, for pressure evaluation 
Figure B.1 illustrates a finite volume centred at a node 𝑃. Since pressure is 
bidimensional, the neighbour nodes extends only in the radial and circumferential directions. 
They are labelled 𝐸 (east) and 𝑊 (west) in the radial direction and 𝑁 (north) and 𝑆 (south) in 
















+ [𝑆̅Δ?̅?]𝑃 = 0 (B.2) 
Approximating and rearranging the derivatives by central differences, the resultant equation is 
written in its approximate linear form as a recurrence equation: 
𝑎𝑃?̅?𝑃 = 𝑎𝐸?̅?𝐸 + 𝑎𝑊?̅?𝑊 + 𝑎𝑁?̅?𝑁 + 𝑎𝑆?̅?𝑆 + ?̃? (B.3) 
which is solved by the Gauss-Seidel method with successive over-relaxation (SOR method). 
The relaxation parameter is: 
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The Swift-Stieber condition to model cavitation is easily implemented after the relaxation step: 
?̅?𝑃 = max(?̅?𝑃, 0) (B.5) 









































The properties in the volume faces are evaluated by linear interpolation of adjacent 







(?̅?1 ?̅?0⁄ )𝐸 − (?̅?1 ?̅?0⁄ )𝑊
2Δ?̅?
 (B.7) 
The velocity component across the film thickness is evaluated accounting for both 










































= 0 (B.8) 
A formal integration of the above equation over a finite volume and posterior 
approximation of the derivatives by central differences, considering the discretization in the 
film thickness direction, results in 
𝑎𝑃?̅?𝑃 = 𝑎𝑇?̅?𝑇 + 𝑎𝐵?̅?𝐵 + ?̃? (B.9) 













































































The recurrence equation (B.9) conveniently groups the known quantities (?̅?𝑟 and ?̅?𝜃) 
in the source term, so that the velocity across the film thickness in a finite volume 𝑃 depends 
exclusively on the velocities of the bottom 𝐵 and top 𝑇 finite volumes, which emphasizes the 
computationally more efficient code for its calculation. 
The over-relaxation factor for the axial velocity equation is chosen analogously to the 
pressure equation, noticing the mesh across the film has a 𝑁𝑘 number of elements, so that 


































We identify in the above energy equation the general property 𝜙 is the dimensionless 
temperature ?̅?, the diffusion term Γ is a characteristic parameter and the source term is 𝑆𝜙 =
𝑠𝜙?̅?[(𝜕?̅?1 𝜕𝑥3⁄ )
2 + (𝜕?̅?2 𝜕𝑥3⁄ )
2]. We notice the Γ and 𝑠𝜙 are constants, defined in Eq. (5.78), 
dependent on the thrust bearing geometry, the oil physical characteristics, the operating 
rotational speed and the chosen reference temperature. These terms are related to three 
dimensionless parameters that characterize the flow in the thrust bearing. In Peixoto and 
Cavalca (2019), these terms are derived: the diffusion term relates to the reciprocal of the flow 
Péclet number Γ ∝ 1 𝑃𝑒⁄ = 𝑘/𝜌𝑐𝑝Ωℎ0
2, while the source term relates to the ratio of the Eckert 








. This observation is useful to develop a 




A typical control volume centred on node 𝑃 is shown in Figure B.2. The bidimensional 
mesh utilized for the pressure calculation (Figure B.1) is extended to comprehend the nodes of 
the discretized film thickness. Due to the change of coordinates, cross-derivatives appear in the 
resultant differential equation, which extends the computational cell to more nodes. In the ?̅? −
?̅? plane, the computational cell extends to the intercardinal points NE (north-east), NW (north-
west), SE (south-east) and SW (south-west). In the film thickness direction, the adjacent control 
volumes are located at the points T (top) and B (bottom), and the intercardinal points are TE, 
TW, TN, TS (top-east, top-west, top-north, top-south, respectively) and BE, BW, BN, BS 
(bottom-east, bottom-west, bottom-north, bottom-south, analogously). The control volume face 
centre between the central node P and the east node E is denoted by the lowercase letter 𝑒. 
Analogously, the other face centres are denoted by 𝑤, 𝑛, 𝑠, 𝑡 and 𝑏. 
 
Figure B.2 – General curvilinear, three-dimensional, finite volume centred at node 𝑃 and its 
neighbour nodes, for temperature evaluation 
Formal integration of the dimensionless energy equation over the finite volume 𝑑𝑉 =
𝐽𝑑𝜉1𝑑𝜉2𝑑𝜉3 in an interior point of the mesh results in: 
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The source term is evaluated at the cell centre 𝑃, as the velocity field is known and its 
derivatives are approximated by second-order accurate finite differences. In the implemented 
code, viscosity is treated explicitly: the viscosity field ?̅? utilized in the calculations for the 
temperature is the calculated viscosity field from the previous global iteration, in accordance 
with Frêne et al. (1997). 
It is usual to observe oscillatory behaviour on the solution of discretized advection-
diffusion equations, regardless of the expected physical behaviour, often due to numerical 
instability (Sousa, 2001; Versteeg and Malalasekera, 2007). Raithby and Torrance (1974) 
propose a discretization and fit of the exponential analytical solution, presenting the weighted-
upstream differencing scheme (WUDS), valid for all Péclet cell numbers and considering both 
advection and diffusion terms. A more robust implementation of the discretized energy equation 
is expected utilizing WUDS, reducing the numerical artificial damping, without greatly 
increasing its computational cost, as compared to an upwind scheme. The robust 
implementation allows for development of a more general code, as the dimensionless equations 
can be solved for any thrust bearing, for low and high cell Péclet numbers. Another important 
observation regarding the preferred choice of implementation is that backflow is an important 
phenomenon that should be considered. The implemented code automatically deals with reverse 
flow, in which case the boundary condition at the inlet region changes from a specified 
temperature to adiabatic. Therefore, WUDS appears to be a better model, capable of 




Maliska (2017) proposes the aproximations for the property 𝜙 and its direct derivatives 
at the cell faces. With those proposed approximations, Equation (B.13) is written as: 
𝑎𝑃𝜙𝑃 = 𝑎𝐸𝜙𝐸 + 𝑎𝑊𝜙𝑊 + 𝑎𝑁𝜙𝑁 + 𝑎𝑆𝜙𝑆 + 𝑎𝑇𝜙𝑇 + 𝑎𝐵𝜙𝐵 + 𝑎𝑁𝐸𝜙𝑁𝐸
+ 𝑎𝑁𝑊𝜙𝑁𝑊 + 𝑎𝑆𝐸𝜙𝑆𝐸 + 𝑎𝑆𝑊𝜙𝑆𝑤 + 𝑎𝑇𝐸𝜙𝑇𝐸 + 𝑎𝑇𝑊𝜙𝑇𝑊
+ 𝑎𝑇𝑁𝜙𝑇𝑁 + 𝑎𝑇𝑆𝜙𝑇𝑆 + 𝑎𝐵𝐸𝜙𝐵𝐸 + 𝑎𝐵𝑊𝜙𝐵𝑊 + 𝑎𝐵𝑁𝜙𝐵𝑁 + 𝑎𝐵𝑆𝜙𝐵𝑆
+ 𝑆 
(B.15) 
The recurrence equation can be compactly written as: 
𝑎𝑃𝜙𝑃 =∑𝑎𝑛𝑏𝜙𝑛𝑏
𝑛𝑏
+ 𝑆 (B.16) 
wherein 𝑛𝑏 means the summation extends to all neighbouring nodes of the central node 𝑃. The 
𝑎𝑝 coefficient is: 
𝑎𝑃 =∑𝑎𝑛𝑏
𝑛𝑏
+ (𝐹𝑒 − 𝐹𝑤 + 𝐹𝑛 − 𝐹𝑠 + 𝐹𝑡 − 𝐹𝑏) (8.1) 
It is useful to observe, from the continuity equation, that (𝐹𝑒 − 𝐹𝑤 + 𝐹𝑛 − 𝐹𝑠 + 𝐹𝑡 − 𝐹𝑏) = 0. 
It is known that poor boundary condition implementation may propagate low order 
errors from the boundaries to the interior domain. Given that in a typical lubricated bearing, 
thermal effects are within the thermal boundary layer, as the laminar thermal boundary layer 
thickness is generally one or two orders of magnitude greater than the film thickness (Ettles, 
1969), proper care should be taken in treating the boundary conditions, in order to avoid 
propagation of low order errors. As a result, derivatives at domain boundaries are approximated 
by 3-point differences, aiming to reduce truncation errors. The unequal distancing of the 
boundary nodes to the interior nodes (as the implemented formulation utilizes 
half/quarter/eighths control volumes at the boundaries) indicates the necessity to develop a 
difference operator for the boundaries. As the nodes in the boundary conditions do not coincide 
with the cell centre, the properties and derivatives at the cell face centres are interpolated using 
an inverse distance weighting. 
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Appendix C Finite volume formulation analysis 
A mesh convergence analysis was carried on in order to identify suitable values for 
the admitted tolerances on the iterative solution of the generalized Reynolds equation for the 
thermo-hydrodynamic model of the thrust bearing. The results presented in this section consider 
the finite volume discretization of the oil film in the turbine side thrust bearing (TS TB) 
described in Section 6.2, Table 6.3, as this thrust bearing has a uniform distribution of the thrust 
bearing pads (which means that, for the case with no angular misalignments, the resultant 
restoring moments are identically null). After suitable parameters for the mesh discretization 
and tolerance values are found, a thorough investigation of both thrust bearings can be done. 
The first mesh analysis considered isothermal solutions of the thrust bearing. The 
isothermal solution requires evaluation of only the bidimensional pressure, so three iterative 
parameters are required: the number of mesh points in the radial 𝑁𝑟 and circumferential 𝑁𝜃 
directions and the absolute tolerance for the pressure iterative solution 𝜖𝑝. For the preliminary 
test case, the shaft rotational speed is 120 krpm, the minimum oil film thickness is 10 µm and 
the constant temperature of the oil film is 100 °C. 
The first test takes into account a mesh with 100×100 points, using the sub-optimal 
parameter for the over-relaxation step on the Gauss-Seidel iterations. To check convergence of 
the iterative solution, the plot of the axial force (the integral of the pressure distribution) as a 
function of the given tolerance for the iterative solution can be seen in Figure C.1. We observe 
the 𝐿2 norm captures convergence of the iterative solution with a fewer number of iterations 




Figure C.1 – Variation of axial force and total number of iterations of the iterative pressure 
solution as a function of the given tolerance 
The second test investigates the influence on the relaxation factor of the pressure 
iterative solution on the total number of iterations. This test utilizes the same values as before, 
except now the tolerance for the iterative solution is set to 10-10 and the relaxation factor is 
varied. Figure C.2 displays the optimal relaxation parameter lies between 1.92 and 1.94. The 
sub-optimal parameter is also marked in the plots with an o symbol. It is possible to observe 
that the sub-optimal parameter requires for convergence about 100 more Gauss-Seidel iterations 
than the optimal parameter. In the subsequent simulations, this sub-optimal parameter is used. 
The optimal parameter is problem dependent, and may vary with other input parameters, such 
as the minimum oil film thickness, angular misalignment and thermal effects. Calculating the 
optimal parameter for each case does not compensate for the total computational time, as the 




Figure C.2 – Influence of relaxation parameter on the total number of iterations for the 
pressure iterative solution 
Mesh convergence analysis for the pressure distribution is done as a function of the 
number of points in the radial 𝑁𝑟 and circumferential 𝑁𝜃 directions. A thigh tolerance of 10
-10 
is considered for the iterative solution and the influence of the number of points on the thrust 
bearing axial force (proportional to the average pressure distribution) is observed on Figure C.3, 
the maximum pressure on Figure C.4 and the total number of iterations on Figure C.5. A small, 
oscillating variation of the supported load with the circumferential number of points, resultant 
from the peak pressure values achieved on the pressure discretization, can be noticed. The film 
thickness expression has a discontinuous derivative in the end of the thrust pad ramp. 
Approximating the film thickness profile derivatives by finite differences introduces small 
numerical errors on this term, which ultimately influences the pressure diffusion coefficients 
and source terms in the discretized Reynolds equation. This variation, however, is not 
significant. The axial force changes are smaller than 0.1 N, for a sufficient number of mesh 
points, which usually is smaller than uncertainties of the input parameters. The total number of 
iterations remains approximately constant for a relatively small number of points on the radial 
direction (𝑁𝑟 ≲ 100). The estimated parameters are only poorly estimated for meshes with a 




Figure C.3 – Influence of mesh number of points on the axial supported load 
 




Figure C.5 – Influence of mesh number of points on the total number of iterations 
Once the iterative pressure calculation is defined, the bearing modelling must move on 
to the thermal solution of the thrust bearing. The first test relates to the iterative solution of the 
axial velocity component of the fluid flow, with no evaluation of the subsequent temperature 
distribution, at this point. To check convergence of the axial velocity component, Figure C.6 
shows the root mean square of the axial velocity field as a function of the given tolerance. This 
test case utilizes a high number of mesh points (𝑁𝑟 = 100, 𝑁𝜃 = 200 and 𝑁𝑥 = 100) and the 
sub-optimal parameter for velocity calculation described in Equation (B.11). Convergence is 
achieved for absolute tolerance values of about 10-8. 
 
Figure C.6 – Variation of root mean square axial velocity and total number of iterations of the 
iterative axial velocity solution as a function of the given tolerance 
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The final test is performed for the iterative solution of the temperature distribution. 
The first test evaluated the effect of the specified tolerance on the iterative solution of the 
Energy equation. This test solves the energy equation for the given pressure distribution 
calculated from isothermal solution and subsequent evaluation of the velocity field (i.e., just 
the first global temperature iteration), using half of the points utilized in the previous analysis, 
i.e., 𝑁𝑟 = 50, 𝑁𝜃 = 100 and 𝑁𝑥 = 50. In Figure C.7, the temperature field root mean square 
converges for absolute tolerance values of about 10-4. This figure also shows the root mean 
square value for the viscosity field, showing the convergence for temperature iterations can be 
verified on both the temperature or viscosity fields. In this work, the option is to check 
convergence on the temperature field, as the subsequent evaluation of viscosity field may 
increase the total computational time. 
 
Figure C.7 – Variation of root mean square temperature and viscosity and total number of 
iterations of the iterative temperature solution as a function of the given tolerance 
Finally, convergence of the full thermo-hydrodynamic solution is checked in Figure 
C.8. In this figure, the norm of temperature residual, ‖𝑻𝑔𝑙𝑜𝑏𝑎𝑙 − 𝑻𝑔𝑙𝑜𝑏𝑎𝑙
𝑜𝑙𝑑 ‖
2
, and the root mean 
square of the converged temperature, viscosity and pressure fields are displayed after each 
global iteration. Convergence of the iterative solution is reached after 4 global iterations. 
Typically, the proposed iterative solution converges in less than 10 global iterations and values 




Figure C.8 –Convergence of global iterations on root mean square of the temperature, 
viscosity and pressure fields 
Figure C.9 shows the convergence of the temperature field root mean square and the 
axial supported load as a function of the number of points on the axial direction. The 
temperature field appears to converge with 15 axial points, although small variations of the 
supported load are observed. However, for the same reasons previously discussed, this variation 
is negligible (smaller than 0.2 N). 
 
Figure C.9 – Influence of number of axial mesh points on the convergence of the temperature 
and axial force 
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≤ 1 × 10−10, ‖?̅?𝑖,𝑗,𝑘,𝑛 − ?̅?𝑖,𝑗,𝑘,𝑛
𝑜𝑙𝑑 ‖
2










≤ 1 × 10−3
 (C.1) 
The number of mesh points on each direction on domain discretization are chosen in 
order to provide an accurate and reliable thrust bearing load-carrying capacity, but with low 
computational time. With the values presented in Equation (C.2), calculation of the pressure 
and temperature distributions from the generalized Reynolds equation takes less than 
30 seconds, which is extremely fast. The implemented code also aids in reducing this computing 
time, as vectorization was utilized in a lot of operations in order to reduce the total computing 
time to within this 30 second limit. Comparing the implemented solution with other works on 
the literature that quote the computational time to evaluate thrust bearing thermal solutions, 
Huebner (1974) mentions convergence of the full thermal solution of coarse meshes took about 
90 seconds, Dobrica and Fillon (2005) attained convergence of the temperature iterations in 
less than 2 minutes, while Chatzisavvas et al. (2016) mention thermal solutions of thrust bearing 
pads applied to turbochargers are obtained in about 1 minute in typical commercial softwares. 
Solutions of thrust bearing models using the Navier-Stokes equations are unfeasible for a 
practical transient turbocharger analysis. For the same thrust bearing configuration, Dobrica 
and Fillon (2005) notice convergence of the equivalent Navier-Stokes equation is attained with 
about 6 hours of computing time. More robust CFD-based thermal models may take 3 to 6 days 
to reach convergence in 24 CPUs (Charitopoulos et al., 2018a), while the current work achieves 
this 30 second convergence in a personal computer with 8 GB of RAM. 
𝑁𝑟 = 20 𝑁𝜃 = 30 𝑁𝑥 = 15 (C.2) 
 
